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1 ÓÀÂÍÅÍÈÅ ÊÎËÅÁÀÍÈÉ ÑÒÓÍÛ
àñïîëîæèì ñòðóíó âäîëü îñè x è îáîçíà÷èì îòêëîíåíèå òî÷êè x
ñòðóíû â ìîìåíò âðåìåíè t ÷åðåç u(x, t). Ïðåäïîëîæèì, ÷òî íà ñòðó-
íó äåéñòâóåò âíåøíÿÿ ñèëà, ïëîòíîñòü êîòîðîé íà åäèíèöó ìàññû
ñòðóíû G(x, t) [G = ì/åê2]. Òîãäà îòêëîíåíèå ñòðóíû u(x, t) [u = ì]
óäîâëåòâîðÿåò ñëåäóþùåìó äèåðåíöèàëüíîìó óðàâíåíèþ â ÷àñò-
íûõ ïðîèçâîäíûõ:
∂2u
∂t2
− v2
∂2u
∂x2
= G,
ãäå ïàðàìåòð v, èìåþùèé ðàçìåðíîñòü ñêîðîñòè, âûðàæàåòñÿ ÷åðåç
ñèëó íàòÿæåíèÿ ñòðóíû T [T = êã ·ì/åê2] è åå ëèíåéíóþ ïëîòíîñòü
ρ [ρ = êã/ì] ñëåäóþùèì îáðàçîì: v2 = T/ρ. Ýòî óðàâíåíèå ñïðàâåä-
ëèâî ïðè ñëåäóþùèõ ïðåäïîëîæåíèÿõ. Êîëåáàíèÿ ñòðóíû ÿâëÿþòñÿ
ïëîñêèìè: âñå òî÷êè ñòðóíû âñåãäà íàõîäÿòñÿ â îäíîé ïëîñêîñòè,
ïðè÷åì ñòðóíà ðàñïîëîæåíà âäîëü îñè x, à îòêëîíåíèå ñòðóíû
ïðîèñõîäèò âäîëü îñè u,
ïîïåðå÷íûìè: êàæäàÿ òî÷êà ñòðóíû ïåðåìåùàåòñÿ â íàïðàâëåíèè,
ïåðïåíäèêóëÿðíîì îñè x, ò.å. â íàïðàâëåíèè îñè u,
ìàëûìè ïî àìïëèòóäå: ïðåíåáðåãàåì ñòåïåíÿìè îòêëîíåíèÿ âû-
øå ïåðâîé un ≈ 0, äëÿ n ≥ 2.
Åñëè âíåøíÿÿ ñèëà íå ðàâíà íóëþ, ò.å. G 6= 0, òî ýòî óðàâíåíèå îïè-
ñûâàåò âûíóæäåííûå êîëåáàíèÿ ñòðóíû, à óðàâíåíèå êîëåáàíèé íà-
çûâàåòñÿ íåîäíîðîäíûì. Â ïðîòèâíîì ñëó÷àå óðàâíåíèå íàçûâàåòñÿ
îäíîðîäíûì è îïèñûâàåò ñâîáîäíûå êîëåáàíèÿ ñòðóíû.
Äëÿ ðåøåíèÿ óðàâíåíèÿ êîëåáàíèÿ ñòðóíû, ò.å. äëÿ íàõîæäåíèÿ
â ÿâíîì âèäå çàêîíà êîëåáàíèÿ u(x, t) íåîáõîäèìî çàäàòü íà÷àëüíûå
è ãðàíè÷íûå (êðàåâûå) óñëîâèÿ. Ïîñêîëüêó â óðàâíåíèå, îïèñûâàþ-
ùåå êîëåáàíèÿ ñòðóíû, âõîäèò âòîðàÿ ïðîèçâîäíàÿ ïî âðåìåíè, òî
íåîáõîäèìî çàäàâàòü íà÷àëüíîå çíà÷åíèå è íà÷àëüíóþ ïðîèçâîäíóþ
ïî âðåìåíè îò u(x, t). Òàêèì îáðàçîì, íà÷àëüíûå óñëîâèÿ èìåþò ñëå-
äóþùèé âèä:
u(x, 0) = f(x), u′t(x, 0) = u
′
t(x, t)t=0 = F (x). (1)
 3 
ðàíè÷íûå óñëîâèÿ äåëÿòñÿ íà äâà òèïà  îäíîðîäíûå è íåîäíî-
ðîäíûå. Åñëè ñòðóíà èìååò áåñêîíå÷íóþ äëèíó, òî ãðàíè÷íûå óñëî-
âèÿ íå íàêëàäûâàþòñÿ.
Îäíîðîäíûå. Åñëè ýòè óñëîâèÿ âûïîëíåíû äëÿ äâóõ óíêöèé
u1(x, t) è u2(x, t), òî îíè âûïîëíåíû è äëÿ ëþáîé èõ ëèíåéíîé
êîìáèíàöèè αu1(x, t) + βu2(x, t). Ìû ðàññìîòðèì ñëåäóþùèå
òèïû îäíîðîäíûõ ãðàíè÷íûõ óñëîâèé.
1. Ñòðóíà èìååò êîíå÷íóþ äëèíó l è çàêðåïëåíà íà êîíöàõ â
òî÷êàõ ñ êîîðäèíàòàìè x = 0 è x = l. Óñëîâèÿ èìåþò âèä
u(0, t) = 0, u(l, t) = 0 (2a)
è íàçûâàþòñÿ óñëîâèÿìè Äèðèõëå.
2. Óãîë íàêëîíà ñòðóíû íà êîíöàõ èêñèðîâàí:
u′x(0, t) = 0, u
′
x(l, t) = 0. (2b)
Òàêèå óñëîâèÿ íàçûâàþòñÿ óñëîâèÿìè Íåéìàíà.
3. Ìîæíî ðàññìîòðåòü êîìáèíàöèþ óñëîâèé (2a) è (2b). Ëå-
âûé êðàé ñòðóíû çàêðåïëåí, à íà ïðàâîì èêñèðîâàí íó-
ëåâîé óãîë íàêëîíà:
u(0, t) = 0, u′x(l, t) = 0, (2)
è, íàîáîðîò, ïðàâûé êðàé ñòðóíû çàêðåïëåí, à íà ëåâîì
èêñèðîâàí óãîë íàêëîíà, ðàâíûé íóëþ:
u′x(0, t) = 0, u(l, t) = 0. (2d)
Íåîäíîðîäíûå. Òàêèå ãðàíè÷íûå óñëîâèÿ íàðóøàþò óñëîâèå ïðå-
äûäóùåãî ïóíêòà. Ìû ðàññìîòðèì ñëåäóþùèå òèïû íåîäíî-
ðîäíûõ ãðàíè÷íûõ óñëîâèé.
1. Ñòðóíà èìååò êîíå÷íóþ äëèíó l, íî êîíöû ñòðóíû â òî÷êàõ
ñ êîîðäèíàòàìè x = 0 è x = l äâèæóòñÿ ïî çàäàííûì
çàêîíàì â íàïðàâëåíèè, ïåðïåíäèêóëÿðíîì îñè x. Óñëîâèÿ
èìåþò âèä
u(0, t) = φ(t), u(l, t) = ψ(t). (3a)
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2. Êîíöû ñòðóíû äâèæóòñÿ ñ çàäàííûì çàêîíîì óãëà íàêëî-
íà â íàïðàâëåíèè, ïåðïåíäèêóëÿðíîì îñè x:
u′x(0, t) = α(t), u
′
x(l, t) = β(t). (3b)
3. àññìîòðèì òàêæå êîìáèíàöèþ óñëîâèé (3a) è (3b). Ëåâûé
êðàé ñòðóíû äâèæåòñÿ, à íà ïðàâîì çàäàí çàêîí èçìåíåíèÿ
óãëà íàêëîíà:
u(0, t) = φ(t), u′x(l, t) = β(t), (3)
è, íàîáîðîò, ïðàâûé êðàé ñòðóíû äâèæåòñÿ, à íà ëåâîì
çàäàí çàêîí èçìåíåíèÿ óãëà íàêëîíà:
u′x(0, t) = α(t), u(l, t) = ψ(t). (3d)
2 ÅØÅÍÈÅ ÓÀÂÍÅÍÈß ÊÎËÅÁÀÍÈÉ ÑÒÓÍÛ
ÌÅÒÎÄÎÌ ÔÓÜÅ
2.1 Ñâîáîäíûå êîëåáàíèÿ ñòðóíû êîíå÷íîé äëèíû.
Îäíîðîäíûå ãðàíè÷íûå óñëîâèÿ (2a).
Ñâîáîäíûå êîëåáàíèÿ ñòðóíû îïèñûâàþòñÿ îäíîðîäíûì óðàâíå-
íèåì
∂2u
∂t2
− v2
∂2u
∂x2
= 0. (4)
Ïðåäñòàâèì âíà÷àëå óíêöèþ äâóõ ïåðåìåííûõ u(x, t) â âèäå ïðî-
èçâåäåíèÿ äâóõ óíêöèé îäíîé ïåðåìåííîé:
u(x, t) = X(x) · T (t).
Ïîäñòàâèì ýòî âûðàæåíèå â óðàâíåíèå êîëåáàíèÿ ñòðóíû (4), çàòåì
ðàçäåëèì îáå ÷àñòè íà X(x) · T (t). Ïîëó÷èì ðàâåíñòâî
T ′′
v2T
=
X ′′
X
.
Âûðàæåíèå ñëåâà ÿâëÿåòñÿ óíêöèåé òîëüêî ïåðåìåííîé t, à ñïðà-
âà  óíêöèåé òîëüêî ïåðåìåííîé x. àâåíñòâî óíêöèé äâóõ íåçà-
âèñèìûõ ïåðåìåííûõ âîçìîæíî òîëüêî â òîì ñëó÷àå, åñëè îáå ýòè
 5 
óíêöèè ðàâíû ïîñòîÿííîé âåëè÷èíå λ. Òàêèì îáðàçîì, ïîëó÷àåì
äâà îáûêíîâåííûõ äèåðåíöèàëüíûõ óðàâíåíèÿ
T ′′
v2T
= λ, (5a)
X ′′
X
= λ. (5b)
Íà äàííîì ýòàïå íàì íè÷åãî íå èçâåñòíî î êîíñòàíòå λ. Îíà ìîæåò
áûòü êàê ïîëîæèòåëüíîé, òàê è îòðèöàòåëüíîé âåëè÷èíîé. Îáùåå
ðåøåíèå óðàâíåíèÿ (5b) èìååò ñëåäóþùèé âèä:
X(x) = c1e
x
√
λ + c2e
−x
√
λ. (6)
Íàøå ðåøåíèå äîëæíî óäîâëåòâîðÿòü ãðàíè÷íûì óñëîâèÿì (2a). Ýòî
äàåò ëèíåéíóþ ñèñòåìó èç äâóõ óðàâíåíèé íà êîíñòàíòû c1 è c2:{
c1 + c2 = 0,
c1e
l
√
λ + c2e
−l
√
λ = 0.
Îäíîðîäíàÿ ñèñòåìà èìååò íåòðèâèàëüíîå ðåøåíèå òîãäà è òîëüêî
òîãäà, êîãäà ãëàâíûé îïðåäåëèòåëü ñèñòåìû ðàâåí íóëþ:∣∣∣∣ 1 1el√λ e−l√λ
∣∣∣∣ = e−l√λ − el√λ = 0. (7)
Åñëè λ ÿâëÿåòñÿ ïîëîæèòåëüíîé âåëè÷èíîé, òî ðåøåíèåì ýòîãî óðàâ-
íåíèÿ ÿâëÿåòñÿ òîëüêî òðèâèàëüíîå, λ = 0. Ýòî, â ñâîþ î÷åðåäü, ïðè-
âîäèò ê òðèâèàëüíîìó ðåøåíèþ X = 0. Åñëè æå λ < 0, òî ñèòóàöèÿ
ìåíÿåòñÿ. Îáîçíà÷èì λ = −µ2. Òîãäà óðàâíåíèå (7) ïðåîáðàçóåòñÿ ê
âèäó
sin(µl) = 0.
åøåíèå ýòîãî óðàâíåíèÿ, íàçûâàåìîå ñïåêòðîì, èìååò âèä µ = 0,±pil ,
± 2pil , . . . è ïðè ýòîì c2 = −c1. Ïîäñòàâëÿÿ ñïåêòð â óðàâíåíèå (6), ïî-
ëó÷àåì
X(x) = 2ic1 sin(µx).
Îòñþäà âèäíî, ÷òî µ = 0 ïðèâîäèò ê òðèâèàëüíîìó ðåøåíèþ
X = 0. Ïîýòîìó ýòî çíà÷åíèå íàäî èñêëþ÷èòü. Îòðèöàòåëüíûå è ïî-
ëîæèòåëüíûå çíà÷åíèÿ µ ïðèâîäÿò ê ðåøåíèÿì, êîòîðûå îòëè÷àþòñÿ
 6 
òîëüêî çíàêîì, è ïîýòîìó äîñòàòî÷íî ðàññìàòðèâàòü òîëüêî ïîëîæè-
òåëüíûå çíà÷åíèÿ µ. Òàêèì îáðàçîì, ïîëó÷àåì ñïåêòð è ñîáñòâåííóþ
óíêöèþ
µ =
pin
l
, n = 1, 2, 3, . . . ,
X(x) = 2ic1 sin(
pinx
l
).
Ïîäñòàâèì òåïåðü ïîëó÷åííîå çíà÷åíèå λ = −µ2 = −pi2n2/l2 â
(5a). Ïîëó÷èì óðàâíåíèå
T ′′ −
(vpin
l
)2
T = 0,
ðåøåíèå êîòîðîãî èìååò âèä
T (t) = c3 cos(
vpint
l
) + c4 sin(
vpint
l
).
Îáîçíà÷èì αn = 2ic1c3 è βn = 2ic1c4. Òîãäà ïîëó÷àåì ÷àñòíîå ðåøå-
íèå, ñîîòâåòñòâóþùåå çíà÷åíèþ λ = −pi2n2/l2,
un(x, t) =
[
αn cos(
vpint
l
) + βn sin(
vpint
l
)
]
sin(
pinx
l
).
Äëÿ êàæäîãî n ýòî âûðàæåíèå ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ êî-
ëåáàíèÿ ñòðóíû, íîñèò íàçâàíèå ìîäû è óäîâëåòâîðÿåò îäíîðîäíûì
ãðàíè÷íûì óñëîâèÿì (2a). Ïðè n = 1 ìîäà íàçûâàåòñÿ îñíîâíûì òî-
íîì, ÷àñòîòà êîëåáàíèé êîòîðîãî ω1 = vpi/l, à ïðè n > 1  îáåðòîíîì
÷àñòîòû ωn = nω1 = nvpi/l. Ïîñêîëüêó ïî îïðåäåëåíèþ îäíîðîäíûõ
ãðàíè÷íûõ óñëîâèé ëèíåéíàÿ êîìáèíàöèÿ ðåøåíèé ñíîâà ÿâëÿåòñÿ
ðåøåíèåì, óäîâëåòâîðÿþùèì òåì æå ãðàíè÷íûì óñëîâèÿì, òî ìîæ-
íî ïðåäñòàâèòü îáùåå ðåøåíèå â âèäå
u(x, t) =
∞∑
n=1
[αn cos(ωnt) + βn sin(ωnt)] sin(
pinx
l
). (8)
×òîáû íàéòè êîíñòàíòû αn è βn íåîáõîäèìî èñïîëüçîâàòü íà-
÷àëüíûå óñëîâèÿ (1). Ýòî äàåò äâà ñîîòíîøåíèÿ
u(x, 0) =
∞∑
n=1
αn sin(
pinx
l
) = f(x),
 7 
u′t(x, 0) =
∞∑
n=1
βn
vpin
l
sin(
pinx
l
) = F (x).
Ïðèâåäåííûå âûøå îðìóëû ÿâëÿþòñÿ
0.25 0.5 0.75 1 x
-2
-1
1
2
u
t=0 cek
èñ. 1: Íà÷àëüíàÿ îðìà
f(x) ñòðóíû, çàêðåïëåííîé â
òî÷êàõ x = 0 è x = l. Íà÷àëü-
íàÿ ñêîðîñòü êàæäîé òî÷êè
ñòðóíû îòñóòñòâóåò F (x) = 0.
ðÿäàìè Ôóðüå ïî ñèíóñàì, è ïîýòîìó ïî-
ëó÷àåì
αn =
2
l
∫ l
0
f(x) sin(
pinx
l
)dx, (9a)
βn =
2
vpi
∫ l
0
F (x) sin(
pinx
l
)dx. (9b)
Òàêèì îáðàçîì, ðåøåíèå íàøåé çàäà÷è
èìååò âèä (8), â êîòîðîì êîíñòàíòû äàþò-
ñÿ îðìóëàìè (9).
Ïðèìåð 1. àññìîòðèì ñòðóíó äëèíîé l, çàêðåïëåííóþ â òî÷êàõ
x = 0 è x = l, è ðàññìîòðèì ñëåäóþùèå íà÷àëüíûå óñëîâèÿ
f(x) = u(x, 0) =
{
x( l
2
−x)
h , 0 ≤ x ≤
l
2
0, l2 ≤ x ≤ 0
,
F (x) = u′t(x, 0) = 0.
Íà÷àëüíàÿ îðìà ñòðóíû èçîáðàæåíà íà èñ. 1. Ïî îðìóëàì (9)
ïîëó÷àåì:
αn =
2
l
∫ l/2
0
x( l2 − x)
h
sin(
pinx
l
)dx
=
l2
hpi3n3
{
4− 4 cos(
pin
2
)− pin sin(
pin
2
)
}
,
βn =
2
vpi
∫ l
0
F (x) sin(
pinx
l
)dx = 0.
Òàêèì îáðàçîì, ïîäñòàâëÿÿ ïîëó÷åííûå âûðàæåíèÿ â (8), ïîëó÷àåì
çàêîí êîëåáàíèÿ ñòðóíû ñ òàêèìè íà÷àëüíûìè äàííûìè
u(x, t) =
l2
hpi3
∞∑
n=1
1
n3
{
4− 4 cos(
pin
2
)− pin sin(
pin
2
)
}
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èñ. 2: Íà ðèñóíêàõ èçîáðàæåíà îðìà ñòðóíû â ðàçëè÷íûå ìîìåíòû âðåìåíè.
Ñòðóíà çàêðåïëåíà íà êîíöàõ, âíåøíèå ñèëû îòñóòñòâóþò. Âûáðàíû ñëåäóþùèå
çíà÷åíèÿ ïàðàìåòðîâ: v = 2ì/ñåê, l = 1ì, h = (4 − pi)/pi3ì.
× cos(ωnt) sin(
pinx
l
)
=
l2
hpi3
{
(4 − pi) cos(ω1t) sin(
pix
l
) + cos(ω2t) sin(
2pix
l
)
+
4 + 3pi
27
cos(ω3t) sin(
3pix
l
) + . . .
}
.
Íà ðèñóíêå 2 èçîáðàæåíî äâèæåíèå ñòðóíû â òå÷åíèè ïîëóïåðèî-
äà. Ïðè äàëüíåéøåì óâåëè÷åíèè t îðìà ñòðóíû áóäåò ìåíÿòüñÿ â
îáðàòíîì ïîðÿäêå, è â ìîìåíò t = 1ñåê ñòðóíà âåðíåòñÿ â èñõîäíîå
ïîëîæåíèå. Ëèíåéíàÿ ÷àñòîòà êîëåáàíèé òàêîé ñòðóíû ν = 1ö. Ýòî
âèäíî èç òîãî, ÷òî îñíîâíîé òîí ñòðóíû ω1 = piv/l = 2pi.
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2.2 Ñâîáîäíûå êîëåáàíèÿ ñòðóíû êîíå÷íîé äëèíû.
Îäíîðîäíûå ãðàíè÷íûå óñëîâèÿ (2b).
àññìîòðèì äàëåå âòîðîé òèï îäíîðîäíûõ ãðàíè÷íûõ óñëîâèé
(2b), íàçûâàåìûõ îáû÷íî óñëîâèÿìè Íåéìàíà. Ôîðìà ðåøåíèÿ (6)
íå èçìåíèòñÿ. Íî ïîñêîëüêó òèï ãðàíè÷íûõ óñëîâèé èçìåíèëñÿ, òî
ýòî ïðèâåäåò ê èçìåíåíèþ ñèñòåìû óðàâíåíèé íà ïîñòîÿííûå c1 è c2.
Ìû ïîëó÷àåì ñëåäóþùóþ ñèñòåìó óðàâíåíèé:{
c1 − c2 = 0,
c1e
l
√
λ − c2e
−l
√
λ = 0.
Óñëîâèå ñóùåñòâîâàíèÿ íåòðèâèàëüíîãî ðåøåíèÿ∣∣∣∣ 1 −1el√λ −e−l√λ
∣∣∣∣ = −e−l√λ + el√λ = 0
èìååò òîò æå âèä, ÷òî è â ïðåäûäóùåì ïàðàãðàå, è ïîýòîìó µ =
0,±pil ,±
2pi
l , . . ., íî èçìåíèëàñü ñâÿçü ìåæäó êîíñòàíòàìè: c2 = c1.
Ïîñëåäíåå ïðèâîäèò ê òîìó, ÷òî îðìà ðåøåíèÿ èçìåíèòñÿ
X(x) = 2c1 cos(µx).
Òåïåðü íåëüçÿ îòáðàñûâàòü ðåøåíèå ñ µ =
0.25 0.5 0.75 1 x
-1
1
2
u
t=0 cek
èñ. 3: Íà÷àëüíàÿ îðìà
f(x) ñòðóíû, êàñàòåëüíàÿ ê
êîòîðîé â òî÷êàõ x = 0 è
x = l ðàâíà íóëþ. Íà÷àëüíàÿ
ñêîðîñòü êàæäîé òî÷êè ñòðó-
íû îòñóòñòâóåò F (x) = 0.
0, ïîñêîëüêó ýòî ðåøåíèå ÿâëÿåòñÿ íåòðè-
âèàëüíûì. Âñëåäñòâèå ÷åòíîñòè óíêöèè
êîñèíóñ, ìîæíî ðàññìàòðèâàòü òîëüêî ïî-
ëîæèòåëüíûå çíà÷åíèÿ µ. Èòàê, ñïåêòð â
ýòîì ñëó÷àå íà÷èíàåòñÿ ñ íóëÿ
µ =
pin
l
, n = 0, 1, 2, 3, . . . ,
à ñîáñòâåííûå óíêöèè èìåþò âèä
X(x) = 2c1 cos(
pinx
l
).
Òàêèì îáðàçîì, ïîëó÷àåì ðåøåíèå çàäà÷è (ωn = pinv/l)
u(x, t) =
α0
2
+
∞∑
n=1
[αn cosωnt+ βn sinωnt]
× cos(
pinx
l
), (11)
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ãäå αn è βn íàõîäÿòñÿ êàê êîýèöèåíòû ðàçëîæåíèÿ â ðÿä Ôóðüå
ïî êîñèíóñàì (n = 0, 1, 2, 3, . . .)
αn =
2
l
∫ l
0
f(x) cos(
pinx
l
)dx, (12a)
βn =
2
vpi
∫ l
0
F (x) cos(
pinx
l
)dx. (12b)
Ïðèìåð 2. àññìîòðèì ñòðóíó äëèíîé l, êàñàòåëüíàÿ ê êîòî-
ðîé â òî÷êàõ x = 0 è x = l ðàâíà íóëþ, è ðàññìîòðèì ñëåäóþùèå
íà÷àëüíûå óñëîâèÿ:
f(x) = u(x, 0) =


x2
h , 0 ≤ x ≤
l
4
(x− l
2
)2
h ,
l
4 ≤ x ≤
l
2
0, l2 ≤ x ≤ l
,
F (x) = u′t(x, 0) = 0.
Íà÷àëüíûå óñëîâèÿ äîëæíû áûòü òàêèìè, ÷òîáû êàñàòåëüíàÿ íà
êîíöàõ ñòðóíû áûëà ðàâíà íóëþ è â íà÷àëüíûé ìîìåíò âðåìåíè.
Íà÷àëüíàÿ îðìà ñòðóíû èçîáðàæåíà íà èñ. 3. Ïî îðìóëàì (12)
ïîëó÷àåì:
αn =
2
l
∫ l/4
0
x2
h
cos(
pinx
l
)dx +
2
l
∫ l/2
l/4
(x − l2 )
2
h
cos(
pinx
l
)dx
=
8l2
hpi3n3
cos(
pin
4
)
{pin
4
− sin(
pin
4
)
}
,
α0 =
l2
48h
,
βn =
2
vpi
∫ l
0
F (x) cos(
pinx
l
)dx = 0.
Òàêèì îáðàçîì, ïîäñòàâëÿÿ ïîëó÷åííûå âûðàæåíèÿ â (11), ïîëó÷àåì
çàêîí êîëåáàíèÿ ñòðóíû ñ òàêèìè íà÷àëüíûìè äàííûìè
u(x, t) =
l2
96h
+
8l2
hpi3
∞∑
n=1
1
n3
cos(
pin
4
)
{pin
4
− sin(
pin
4
)
}
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èñ. 4: Íà ðèñóíêàõ èçîáðàæåíà îðìà ñòðóíû â ðàçëè÷íûå ìîìåíòû âðåìåíè.
Êîíöû ñòðóíû ñâîáîäíî äâèæóòñÿ, ïðè÷åì óãîë íàêëîíà êîíöîâ ñòðóíû ðàâåí
íóëþ âî âñå ìîìåíòû âðåìåíè; âíåøíèå ñèëû îòñóòñòâóþò. Âûáðàíû ñëåäóþùèå
çíà÷åíèÿ ïàðàìåòðîâ: v = 2ì/ñåê, l = 1ì, h = (4 − pi)/pi3ì.
× cos(ωnt) cos(
pinx
l
).
Íà ðèñóíêå 4 èçîáðàæåíî äâèæåíèå ñòðóíû â òå÷åíèè ïîëóïåðèî-
äà. Ïðè äàëüíåéøåì óâåëè÷åíèè t îðìà ñòðóíû áóäåò ìåíÿòüñÿ â
îáðàòíîì ïîðÿäêå, è â ìîìåíò t = 1ñåê ñòðóíà âåðíåòñÿ â èñõîäíîå
ïîëîæåíèå. Ëèíåéíàÿ ÷àñòîòà êîëåáàíèé òàêîé ñòðóíû ν = 1ö.
Èç ðèñóíêà âèäíî, ÷òî óãîë íàêëîíà êàñàòåëüíîé íà êîíöàõ ñòðó-
íû ðàâåí íóëþ âî âñå ìîìåíòû âðåìåíè. Âèä êîëåáàíèé ñòðóíû ñ
òàêèìè ãðàíè÷íûìè óñëîâèÿìè îòëè÷àåòñÿ îò êîëåáàíèé ñòðóíû ñ
çàêðåïëåííûìè êîíöàìè. Ñòðóíà â ïðîöåññå êîëåáàíèé âñåãäà îñòà-
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åòñÿ â âåðõíåé ïîëóïëîñêîñòè. Ýòî ñâÿçàíî ñ òåì, ÷òî êîíöû ñòðóíû
îñòàþòñÿ ñâîáîäíûìè è "íå çàñòàâëÿþò" ñòðóíó ïåðåâîðà÷èâàòüñÿ.
2.3 Ñâîáîäíûå êîëåáàíèÿ ñòðóíû êîíå÷íîé äëèíû.
Îäíîðîäíûå ãðàíè÷íûå óñëîâèÿ (2), (2d).
àññìîòðèì, íàêîíåö, ñìåøàííûé òèï ãðàíè÷íûõ óñëîâèé (2) è
(2d). Íà îäíîì êîíöå çàäàíî óñëîâèå Äèðèõëå, à íà äðóãîì óñëî-
âèå Íåéìàíà. Óñëîâèå ñóùåñòâîâàíèÿ íåòðèâèàëüíîãî ðåøåíèÿ èìå-
åò âèä (âåðõíèé çíàê ñîîòâåòñòâóåò óñëîâèþ (2), à íèæíèé óñëîâèþ
(2d)) ∣∣∣∣ 1 ±1el√λ ∓e−l√λ
∣∣∣∣ = ∓e−l√λ ∓ el√λ = 0.
åøåíèÿ ýòîãî óðàâíåíèÿ îòëè÷àþòñÿ îò ïðåäûäóùèõ ñëó÷àåâ. Äåé-
ñòâèòåëüíî, ïîëîæèì λ = −µ2, è òîãäà ïîëó÷èì óðàâíåíèå äëÿ íà-
õîæäåíèÿ ñïåêòðà
cos(µl) = 0,
ðåøåíèå êîòîðîãî èìååò ñëåäóþùèé âèä:
µ =
pi
l
(n+
1
2
), n = 0,±1,±2, . . . ,
è c2 = ∓c1. Ýòî ïðèâîäèò ê òîìó, ÷òî äëÿ ãðàíè÷íûõ óñëîâèé (2)
ïîëó÷àåì ðåøåíèå
X(x) = 2ic1 sin
[
pix
l
(n+
1
2
)
]
, (14)
à äëÿ óñëîâèé (2d), ñîîòâåòñòâåííî,
X(x) = 2c1 cos
[
pix
l
(n+
1
2
)
]
. (15)
Ëåãêî âèäåòü, ÷òî ïðè çàìåíå n → −1 − n óíêöèè (14) òîëüêî
ìåíÿþò çíàê, à óíêöèè (15) îñòàþòñÿ íåèçìåííûìè. Ïî ýòîé ïðè-
÷èíå ìîæíî ðàññìàòðèâàòü òîëüêî íåîòðèöàòåëüíûå çíà÷åíèÿ n, è
ñïåêòð èìååò ñëåäóþùèé âèä:
µ =
pi
l
(n+
1
2
), n = 0, 1, 2, . . . .
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Òàêèì îáðàçîì, ïîëó÷àåì ñëåäóþùåå ðåøåíèå çàäà÷è êîëåáàíèÿ
ñòðóíû ñ ãðàíè÷íûìè óñëîâèÿìè (2):
u(x, t) =
∞∑
n=0
[
αn cos(ωn+ 1
2
t) + βn sin(ωn+ 1
2
t)
]
sin
[
pix
l
(n+
1
2
)
]
,
ãäå ωn+ 1
2
= vpil (n+
1
2 ), è
αn =
2
l
∫ l
0
f(x) sin
[
pix
l
(n+
1
2
)
]
dx, (16a)
βn =
2
vpi
∫ l
0
F (x) sin
[
pix
l
(n+
1
2
)
]
dx. (16b)
Â ñëó÷àå ãðàíè÷íûõ óñëîâèé (2d) ïîëó÷àåì
u(x, t) =
∞∑
n=0
[
αn cos(ωn+ 1
2
t) + βn sin(ωn+ 1
2
t)
]
cos
[
pix
l
(n+
1
2
)
]
,
ãäå
αn =
2
l
∫ l
0
f(x) cos
[
pix
l
(n+
1
2
)
]
dx,
βn =
2
vpi
∫ l
0
F (x) cos
[
pix
l
(n+
1
2
)
]
dx.
Â îòëè÷èå îò ïðåäûäóùèõ ñëó÷àåâ ÷àñòîòà îñíîâíîãî òîíà ïðè n = 0
ðàâíà vpi/2l, ò.å. â äâà ðàçà ìåíüøå. Ïåðèîä êîëåáàíèé ñîîòâåòñòâåí-
íî â äâà ðàçà áîëüøå. Äëÿ äåìîíñòðàöèè ýòîãî ðàññìîòðèì ñëåäóþ-
ùèé ïðèìåð.
Ïðèìåð 3. àññìîòðèì ñòðóíó äëèíîé l, çàêðåïëåííóþ â òî÷êå
x = 0, è êàñàòåëüíàÿ ê êîòîðîé â òî÷êå x = l ðàâíà íóëþ, è ðàññìîò-
ðèì òàêèå æå íà÷àëüíûå óñëîâèÿ êàê è â ïðèìåðå 2:
f(x) = u(x, 0) =


x2
h , 0 ≤ x ≤
l
4
(x− l
2
)2
h ,
l
4 ≤ x ≤
l
2
0, l2 ≤ x ≤ l
,
F (x) = u′t(x, 0) = 0.
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èñ. 5: Íà ðèñóíêàõ èçîáðàæåíà îðìà ñòðóíû â ðàçëè÷íûå ìîìåíòû âðåìå-
íè. Ëåâûé êîíåö ñòðóíû çàêðåïëåí, à ïðàâûé ñâîáîäíî äâèæåòñÿ, ïðè÷åì óãîë
íàêëîíà ïðàâîãî êîíöà ðàâåí íóëþ âî âñå ìîìåíòû âðåìåíè; âíåøíèå ñèëû îò-
ñóòñòâóþò. Âûáðàíû ñëåäóþùèå çíà÷åíèÿ ïàðàìåòðîâ: v = 2ì/ñåê, l = 1ì, h =
(4− pi)/pi3ì.
Íà÷àëüíàÿ îðìà ñòðóíû èçîáðàæåíà íà èñ. 3. Ïî îðìóëàì
(16) ïîëó÷àåì:
αn =
2
l
∫ l/4
0
x2
h
sin
[
pix
l
(n+
1
2
)
]
dx
+
2
l
∫ l/2
l/4
(x− l2 )
2
h
sin
[
pix
l
(n+
1
2
)
]
dx
=
8l2
hpi3(n+ 12 )
3
{
pi
4
(n+
1
2
)− sin
[
pi
4
(n+
1
2
)
]}
sin
[
pi
4
(n+
1
2
)
]
,
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βn =
2
vpi
∫ l
0
F (x) sin(
pinx
l
)dx = 0.
Òàêèì îáðàçîì, ïîäñòàâëÿÿ ïîëó÷åííûå âûðàæåíèÿ â (11), ïîëó÷àåì
çàêîí êîëåáàíèÿ ñòðóíû ñ òàêèìè íà÷àëüíûìè äàííûìè
u(x, t) =
8l2
hpi3
∞∑
n=0
sin
[
pi
4 (n+
1
2 )
]
(n+ 12 )
3
{
pi
4
(n+
1
2
)− sin
[
pi
4
(n+
1
2
)
]}
× cos(ωn+ 1
2
t) sin
[
pix
l
(n+
1
2
)
]
.
Íà ðèñóíêå 5 èçîáðàæåíî äâèæåíèå ñòðóíû â òå÷åíèè ïîëóïåðè-
îäà. Ïðè äàëüíåéøåì óâåëè÷åíèè t îðìà ñòðóíû áóäåò ìåíÿòüñÿ â
îáðàòíîì ïîðÿäêå, è â ìîìåíò t = 2ñåê ñòðóíà âåðíåòñÿ â èñõîäíîå
ïîëîæåíèå. Ëèíåéíàÿ ÷àñòîòà êîëåáàíèé òàêîé ñòðóíû ν = 1/2ö.
2.4 Âûíóæäåííûå êîëåáàíèÿ ñòðóíû êîíå÷íîé äëèíû.
Îäíîðîäíûå ãðàíè÷íûå óñëîâèÿ (2a).
Â äàííîì ñëó÷àå íåîáõîäèìî ðåøèòü íåîäíîðîäíîå óðàâíåíèå
∂2u
∂t2
− v2
∂2u
∂x2
= G
ñ íåíóëåâîé ïðàâîé ÷àñòüþ. Â ñëó÷àå ñâîáîäíûõ êîëåáàíèé (8) òàêèå
ãðàíè÷íûå óñëîâèÿ ïðèâîäèëè ê ñîáñòâåííûì óíêöèÿì sin(pinxl ).
Ïî ýòîé ïðè÷èíå ðàçëîæèì âûíóæäàþùóþ ñèëó â ðÿä ïî ýòèì ñîá-
ñòâåííûì óíêöèÿì
G(x, t) =
∞∑
n=1
γn(t) sin(
pinx
l
),
ãäå
γn(t) =
2
l
∫ l
0
G(x, t) sin(
pinx
l
)dx, (18)
è ïðåäñòàâèì íàøå ðåøåíèå â âèäå ñëåäóþùåãî ðÿäà:
u(x, t) =
∞∑
n=1
cn(t) sin(
pinx
l
) (19)
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ñ íåèçâåñòíûìè óíêöèÿìè cn(t). Ýòè óíêöèè óäîâëåòâîðÿþò äè-
åðåíöèàëüíîìó óðàâíåíèþ âòîðîãî ïîðÿäêà (ωn = nvpi/l)
c′′n(t) + ω
2
ncn(t) = γn(t). (20)
×òîáû ðåøèòü ýòî óðàâíåíèå íåîáõîäèìî çàäàòü íà÷àëüíûå óñëî-
âèÿ, ò.å. íåîáõîäèìî çàäàòü cn(0) è c
′
n(0). Äëÿ ýòîãî ðàññìîòðèì íà-
÷àëüíûå óñëîâèÿ
u(x, 0) =
∞∑
n=1
cn(0) sin(
pinx
l
) = f(x),
u′t(x, 0) =
∞∑
n=1
c′n(0) sin(
pinx
l
) = F (x).
Îòñþäà ïîëó÷àåì âåëè÷èíó íà÷àëüíûõ äàííûõ
cn(0) =
2
l
∫ l
0
f(x) sin(
pinx
l
)dx = αn, (21a)
c′n(0) =
2
l
∫ l
0
F (x) sin(
pinx
l
)dx =
vpi
l
βn. (21b)
Êîýèöèåíòû αn è βn ÿâëÿþòñÿ êîýèöèåíòàìè òàêîé æå êðàå-
âîé çàäà÷è (9), íî äëÿ ñâîáîäíûõ êîëåáàíèé ñòðóíû.
Òàêèì îáðàçîì, ïðîöåäóðà ðåøåíèÿ çàäà÷è â ýòîì ñëó÷àå ñëåäóþ-
ùàÿ. Âû÷èñëÿåì âíà÷àëå êîýèöèåíòû ðàçëîæåíèÿ âíåøíåé ñèëû
(18) â ðÿä ïî ñèíóñàì. Çàòåì íàõîäèì íà÷àëüíûå äàííûå ïî îð-
ìóëàì (21) è ðåøàåì óðàâíåíèÿ (20) ñ ýòèìè íà÷àëüíûìè äàííûìè.
Ïîäñòàâëÿåì çàòåì ïîëó÷åííûå ðåøåíèÿ â (19). Ýòî è åñòü èñêîìûé
çàêîí êîëåáàíèÿ ñòðóíû.
Âî âñåé ýòîé ïðîöåäóðå çàòðóäíåíèå âûçûâàåò ðåøåíèå óðàâíå-
íèÿ (20). Îíî ïðåäñòàâëÿåò ñîáîé îáûêíîâåííîå íåîäíîðîäíîå äè-
åðåíöèàëüíîå óðàâíåíèå âòîðîãî ïîðÿäêà ñ ïîñòîÿííûìè êîýè-
öèåíòàìè. Èç îáùåé òåîðèè òàêèõ óðàâíåíèé ñëåäóåò, ÷òî îáùåå ðå-
øåíèå íåîäíîðîäíîãî óðàâíåíèÿ ïðåäñòàâëÿåò ñîáîé ñóììó îáùåãî
ðåøåíèÿ îäíîðîäíîãî óðàâíåíèÿ è ëþáîãî ÷àñòíîãî ðåøåíèÿ íåîä-
íîðîäíîãî óðàâíåíèÿ, êîòîðîå ìû îáîçíà÷èì ÷åðåç c÷n(t). Òàêèì îá-
ðàçîì, îáùåå ðåøåíèå óðàâíåíèÿ (20) èìååò âèä
cn(t) = An cos(ωnt) +Bn sin(ωnt) + c
÷
n(t). (22)
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Èñïîëüçóÿ íà÷àëüíûå äàííûå, ëåãêî ïîëó÷àåì
An = cn(0)− c
÷
n(0), (23a)
Bn =
c′n(0)− c
′÷
n(0)
ωn
. (23b)
Ïðîáëåìà ñîñòîèò òîëüêî â òîì, ÷òîáû íàéòè ÷àñòíîå ðåøåíèå. Ñó-
ùåñòâóåò îáùàÿ òåîðèÿ íàõîæäåíèÿ ÷àñòíîãî ðåøåíèÿ òàêèõ óðàâ-
íåíèé êàê â îáùåì ñëó÷àå, òàê è äëÿ ÷àñòíûõ âèäîâ âíåøíåé ñèëû,
èñïîëüçóÿ êîòîðóþ, ìîæíî íàéòè ÷àñòíîå ðåøåíèå. Èç ýòîé òåîðèè
ñëåäóåò, åñëè âûíóæäàþùàÿ ñèëà ñîäåðæèò ïåðèîäè÷åñêóþ ÷àñòü âè-
äà
γn(t) = δ(t) sin(ωt) èëè γn(t) = δ(t) cos(ωt),
òî íåîáõîäèìî ðàçëè÷àòü äâà ñëó÷àÿ: ñîâïàäàåò èëè íå ñîâïàäàåò ÷à-
ñòîòà âíåøíåé ñèëû ω ñ îñíîâíîé ÷àñòîòîé ω1 =
vpi
l èëè îäíèì èç
îáåðòîíîâ ωn =
vpin
l . Åñëè òàêîãî ñîâïàäåíèÿ íåò, òî çàêîí êîëåáàíèÿ
ñòðóíû ÿâëÿåòñÿ ïåðèîäè÷åñêîé óíêöèåé. Åñëè æå ÷àñòîòà âíåøíåé
ñèëû ñîâïàäàåò èëè ñ îñíîâíîé ÷àñòîòîé, èëè ñ ÷àñòîòàìè îáåðòîíîâ,
òî âîçíèêàåò ÿâëåíèå ðåçîíàíñà è àìïëèòóäà ñîîòâåòñòâóþùåé ÷à-
ñòîòû ðàñòåò ëèíåéíî ñî âðåìåíåì. Ïîñêîëüêó óðàâíåíèå êîëåáàíèÿ
ñòðóíû âûâåäåíî ïðè óñëîâèè ìàëîñòè àìïëèòóäû êîëåáàíèé, òî ðå-
çîíàíñíûé ðîñò àìïëèòóäû êîëåáàíèé ìîæíî ðàññìàòðèâàòü òîëüêî
íà ìàëûõ âðåìåíàõ, êîãäà àìïëèòóäà íå âîçðàñòàåò ñëèøêîì ñèëüíî.
Ïðèìåð 4. àññìîòðèì ñòðóíó äëèíîé l, çàêðåïëåííóþ â òî÷êàõ
x = 0 è x = l è íàõîäÿùóþñÿ â ïîëå ñèëû òÿæåñòè. Òîãäà ïëîòíîñòü
ñèëû áóäåò ñîâïàäàòü ñ óñêîðåíèåì ñâîáîäíîãî ïàäåíèÿ G = −g. àñ-
ñìîòðèì íà÷àëüíûå óñëîâèÿ êàê è â ïðèìåðå 1:
f(x) = u(x, 0) =
{
x( l
2
−x)
h , 0 ≤ x ≤
l
2
0, l2 ≤ x ≤ 0
,
F (x) = u′t(x, 0) = 0.
Íà÷àëüíàÿ îðìà ñòðóíû èçîáðàæåíà íà èñ. 1. Ïî îðìóëå (18)
íàõîäèì Ôóðüå-êîìïîíåíòû ïëîòíîñòè ñèëû:
γn = −
2
l
∫ l
0
g sin(
pinx
l
)dx = −
2g
pin
(1− (−1)n),
 18 
è ïî îðìóëàì (21) âû÷èñëÿåì íà÷àëüíûå äàííûå äëÿ ðåøåíèÿ óðàâ-
íåíèÿ (20):
cn(0) =
2
l
∫ l/2
0
x( l2 − x)
h
sin(
pinx
l
)dx
=
l2
hpi3n3
{
4− 4 cos(
pin
2
)− pin sin(
pin
2
)
}
= αn,
c′n(0) =
2
l
∫ l
0
F (x) sin(
pinx
l
)dx = βn
vpi
l
= 0.
Ïîñêîëüêó êîýèöèåíòû γn ðàçëîæåíèÿ â ðÿä Ôóðüå ÿâëÿþòñÿ
êîíñòàíòàìè, òî ÷àñòíîå ðåøåíèå ëåãêî íàõîäèòñÿ
c÷n =
γn
ω2n
= −
2gl2
v2pi3n3
(1 − (−1)n).
Èç îðìóë (23) ïîëó÷àåì
An = cn(0)− c
÷
n(0),
Bn = 0.
Òàêèì îáðàçîì, ïîäñòàâëÿÿ ïîëó÷åííûå âûðàæåíèÿ â (8), ïîëó-
÷àåì çàêîí êîëåáàíèÿ ñòðóíû ñ òàêèìè íà÷àëüíûìè äàííûìè
u(x, t) =
l2
hpi3
∞∑
n=1
1
n3
{
4− 4 cos(
pin
2
)− pin sin(
pin
2
)
}
× cos(ωnt) sin(
pinx
l
)
−
2gl2
v2pi3
∞∑
n=1
1− (−1)n
n3
{1− cos(ωnt)} sin(
pinx
l
).
Íà ðèñóíêå 6 èçîáðàæåíî äâèæåíèå ñòðóíû â òå÷åíèè ïîëóïåðèî-
äà. Ïðè äàëüíåéøåì óâåëè÷åíèè t îðìà ñòðóíû áóäåò ìåíÿòüñÿ â
îáðàòíîì ïîðÿäêå, è â ìîìåíò t = 1ñåê ñòðóíà âåðíåòñÿ â èñõîäíîå
ïîëîæåíèå. Ëèíåéíàÿ ÷àñòîòà êîëåáàíèé òàêîé ñòðóíû ν = 1ö.
Êîëåáàíèÿ ñòðóíû â ïîëå òÿæåñòè îòëè÷àþòñÿ îò ñâîáîäíûõ êî-
ëåáàíèé ñòðóíû ñ çàêðåïëåííûìè êîíöàìè (ñì. èñ. 2). Âèäíî, ÷òî
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èñ. 6: Ôîðìà ñòðóíû â ðàçëè÷íûå ìîìåíòû âðåìåíè. Ñòðóíà çàêðåïëåíà íà
êîíöàõ è íàõîäèòñÿ â ïîëå ñèëû òÿæåñòè. Âûáðàíû ñëåäóþùèå çíà÷åíèÿ ïàðà-
ìåòðîâ: v = 2ì/ñåê, l = 1ì, h = (4 − pi)/pi3ì è óñêîðåíèå ñâîáîäíîãî ïàäåíèÿ
g = 9.8ì/ñåê2.
ñòðóíà êàê áû "ïðîâèñàåò". Ýòî îñîáåííî íàãëÿäíî âèäíî èç îðìû
ñòðóíû â êîíöå ïîëóïåðèîäà, êîãäà îíà öåëèêîì ñäâèãàåòñÿ âíèç,
îñòàâàÿñü çàêðåïëåííîé íà êîíöàõ.
Ïðèìåð 5. àññìîòðèì ñòðóíó äëèíîé l, çàêðåïëåííóþ â òî÷êàõ
x = 0 è x = l è íàõîäÿùóþñÿ â ïîëå ïåðèîäè÷åñêîé ñèëû, ÷àñòîòà êî-
òîðîé ñîâïàäàåò ñ îñíîâíûì òîíîì ñòðóíû. Ïëîòíîñòü ñèëû âûáåðåì
â ñëåäóþùåì âèäå: G = −g sin(ω1t) = −g sin(
vpit
l ), ò.å. ñèëà äåéñòâó-
åò îäíîâðåìåííî íà êàæäóþ òî÷êó ñòðóíû. àññìîòðèì íà÷àëüíûå
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óñëîâèÿ êàê è â ïðèìåðå 1:
f(x) = u(x, 0) =
{
x( l
2
−x)
h , 0 ≤ x ≤
l
2
0, l2 ≤ x ≤ 0
,
F (x) = u′t(x, 0) = 0.
Íà÷àëüíàÿ îðìà ñòðóíû èçîáðàæåíà íà èñ. 1. Ïî îðìóëå (18)
íàõîäèì ñïåêòð ïëîòíîñòè ñèëû:
γn = −
2
l
∫ l
0
g sin(ω1t) sin(
pinx
l
)dx = δn sin(ω1t),
ãäå δn = −
2g
pin(1 − (−1)
n) è ïî îðìóëàì (21) âû÷èñëÿåì íà÷àëüíûå
äàííûå äëÿ ðåøåíèÿ óðàâíåíèÿ (20):
cn(0) =
2
l
∫ l/2
0
x( l2 − x)
h
sin(
pinx
l
)dx
=
l2
hpi3n3
{
4− 4 cos(
pin
2
)− pin sin(
pin
2
)
}
= αn,
c′n(0) =
2
l
∫ l
0
F (x) sin(
pinx
l
)dx = βn
vpi
l
= 0.
Óðàâíåíèå äëÿ îïðåäåëåíèÿ êîýèöèåíòîâ cn èìååò âèä
c′′n(t) + ω
2
ncn(t) = δn sin(ω1t). (26)
Îáùåå ðåøåíèå ýòîãî óðàâíåíèÿ èìååò âèä (22) è ïðåäñòàâëÿåò ñîáîé
ñóììó îáùåãî ðåøåíèÿ îäíîðîäíîãî óðàâíåíèÿ è ÷àñòíîãî ðåøåíèÿ
íåîäíîðîäíîãî óðàâíåíèÿ. Äëÿ íàõîæäåíèÿ ÷àñòíîãî ðåøåíèÿ ýòî-
ãî óðàâíåíèÿ íåîáõîäèìî ðàçëè÷àòü äâà ñëó÷àÿ: ñîâïàäàåò èëè íå
ñîâïàäàåò ÷àñòîòà âíåøíåé ñèëû ñ îñíîâíîé ÷àñòîòîé ω1 =
vpi
l èëè
îäíèì èç îáåðòîíîâ ωn =
vpin
l . Â äàííîì ñëó÷àå ÷àñòîòà âíåøíåé ñè-
ëû ω1 ñîâïàäàåò ñ îñíîâíîé ÷àñòîòîé è ïîýòîìó óðàâíåíèå ïðè n = 1
íåîáõîäèìî ðåøàòü îòäåëüíî.
Èç îáùåé òåîðèè äèåðåíöèàëüíûõ óðàâíåíèé ñëåäóåò, ÷òî ÷àñò-
íîå ðåøåíèå ýòîãî óðàâíåíèÿ ïðè n 6= 1 íåîáõîäèìî èñêàòü â âèäå
c÷n(t) = Dn sin(ω1t),
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à ïðè n = 1
c÷1(t) = D1t cos(ω1t).
Òîãäà èç óðàâíåíèÿ (26) ïîëó÷àåì
Dn =
δn
ω2n − ω
2
1
= −
2gl2(1− (−1)n)
v2pi3n
1
n2 − 1
,
D1 = −
δ1
2ω1
=
2gl
vpi2
.
Èñïîëüçóÿ ïîëó÷åííûå ÷àñòíûå ðåøåíèÿ, íàõîäèì
cn = αn cos(ωnt) +
2gl2(1 − (−1)n)
v2pi3n2(n2 − 1)
{sin(ωnt)− n sin(ω1t)} ,
c1 = α1 cos(ω1t) +
2gl2
v2pi3
{ω1t cos(ω1t)− sin(ω1t)} .
Òàêèì îáðàçîì, ïîäñòàâëÿÿ ïîëó÷åííûå âûðàæåíèÿ â (8), ïîëó÷àåì
çàêîí êîëåáàíèÿ ñòðóíû ñ òàêèìè íà÷àëüíûìè äàííûìè
u(x, t) =
l2
hpi3
∞∑
n=1
1
n3
{
4− 4 cos(
pin
2
)− pin sin(
pin
2
)
}
cos(ωnt) sin(
pinx
l
)
+
2g
piω21
∞∑
n=2
1− (−1)n
n2(n2 − 1)
{sin(ωnt)− n sin(ω1t)} sin(
pinx
l
)
+
2g
piω21
{ω1t cos(ω1t)− sin(ω1t)} .
Èç ýòîãî âûðàæåíèÿ âèäíî, ÷òî àìïëèòóäà êîëåáàíèé ðàñòåò ëèíåéíî
ñî âðåìåíåì. Ýòî ÿâëåíèå íàçûâàåòñÿ ðåçîíàíñîì.
Íà ðèñóíêå 7 èçîáðàæåíî äâèæåíèå ñòðóíû â òå÷åíèè äâóõ ñ ïî-
ëîâèíîé ïåðèîäîâ. Ëèíåéíàÿ ÷àñòîòà êîëåáàíèé òàêîé ñòðóíû ν =
1ö. Èç ðèñóíêà âèäíî, ÷òî àìïëèòóäà ñòðóíû ðàñòåò ñî âðåìåíåì è
çà îäèí ïåðèîä êîëåáàíèé âûðàñòàåò ïî÷òè âäâîå.
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èñ. 7: Ôîðìà ñòðóíû â òå÷åíèè äâóõ ñ ïîëîâèíîé ïåðèîäîâ. Ñòðóíà çàêðåïëåíà
íà êîíöàõ è íàõîäèòñÿ â ïîëå ïåðèîäè÷åñêîé ñèëû, ÷àñòîòà êîòîðîé ñîâïàäàåò
ñ îñíîâíûì òîíîì. Âûáðàíû ñëåäóþùèå çíà÷åíèÿ ïàðàìåòðîâ: v = 2ì/ñåê, l =
1ì, h = (4− pi)/pi3ì è g = 9.8ì/ñåê2.
2.5 Âûíóæäåííûå êîëåáàíèÿ ñòðóíû êîíå÷íîé äëèíû.
Îäíîðîäíûå ãðàíè÷íûå óñëîâèÿ (2b).
Â îòëè÷èå îò ïðåäûäóùåãî ñëó÷àÿ ñâîáîäíûå êîëåáàíèÿ îïèñû-
âàþòñÿ ñîáñòâåííûìè óíêöèÿìè cos(pinxl ). Ïîýòîìó ïðåäñòàâèì âû-
íóæäàþùóþ ñèëó â âèäå ðÿäà ïî ýòèì ñîáñòâåííûì óíêöèÿì
G(x, t) =
∞∑
n=1
γn(t) cos(
pinx
l
),
ãäå
γn(t) =
2
l
∫ l
0
G(x, t) cos(
pinx
l
)dx, (27)
è ïðåäñòàâèì íàøå ðåøåíèå â âèäå ñëåäóþùåãî ðÿäà:
u(x, t) =
∞∑
n=1
cn(t) cos(
pinx
l
) (28)
ñ íåèçâåñòíûìè óíêöèÿìè cn(t). Ýòè óíêöèè óäîâëåòâîðÿþò äè-
åðåíöèàëüíîìó óðàâíåíèþ âòîðîãî ïîðÿäêà
c′′n(t) + ω
2
ncn(t) = γn(t). (29)
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×òîáû ðåøèòü ýòî óðàâíåíèå íåîáõîäèìî çàäàòü íà÷àëüíûå óñëîâèÿ,
ò.å. íåîáõîäèìî çàäàòü cn(0) è c
′
n(0). Äëÿ ýòîãî ðàññìîòðèì íà÷àëü-
íûå óñëîâèÿ
u(x, 0) =
∞∑
n=1
cn(0) cos(
pinx
l
) = f(x),
u′t(x, 0) =
∞∑
n=1
c′n(0) cos(
pinx
l
) = F (x).
Îòñþäà ïîëó÷àåì âåëè÷èíó íà÷àëüíûõ äàííûõ
cn(0) =
2
l
∫ l
0
f(x) cos(
pinx
l
)dx, (30a)
c′n(0) =
2
l
∫ l
0
F (x) cos(
pinx
l
)dx. (30b)
Òàêèì îáðàçîì, ïðîöåäóðà ðåøåíèÿ çàäà÷è â ýòîì ñëó÷àå ñëåäó-
þùàÿ. Âû÷èñëÿåì âíà÷àëå êîýèöèåíòû (27) ðàçëîæåíèÿ âíåøíåé
ñèëû â ðÿä ïî ñèíóñàì. Çàòåì íàõîäèì íà÷àëüíûå äàííûå ïî îð-
ìóëàì (30) è ðåøàåì óðàâíåíèÿ (29) ñ ýòèìè íà÷àëüíûìè äàííûìè.
Ïîäñòàâëÿåì çàòåì ïîëó÷åííûå ðåøåíèÿ â (28). Ýòî è åñòü èñêîìûé
çàêîí êîëåáàíèÿ ñòðóíû.
Èç îáùåé òåîðèè îáûêíîâåííûõ íåîäíîðîäíûõ äèåðåíöèàëü-
íûõ óðàâíåíèé âòîðîãî ïîðÿäêà ñ ïîñòîÿííûìè êîýèöèåíòàìè
ñëåäóåò, ÷òî îáùåå ðåøåíèå íåîäíîðîäíîãî óðàâíåíèÿ (29) ïðåäñòàâ-
ëÿåò ñîáîé ñóììó îáùåãî ðåøåíèÿ îäíîðîäíîãî óðàâíåíèÿ è ëþáîãî
÷àñòíîãî ðåøåíèÿ íåîäíîðîäíîãî óðàâíåíèÿ, êîòîðîå ìû îáîçíà÷èì
÷åðåç c÷n(t). Òàêèì îáðàçîì, îáùåå ðåøåíèå óðàâíåíèÿ (29) èìååò âèä
cn(t) = An cos(ωnt) +Bn sin(ωnt) + c
÷
n(t).
Èñïîëüçóÿ íà÷àëüíûå äàííûå, ëåãêî ïîëó÷àåì
An = cn(0)− c
÷
n(0),
Bn =
c′n(0)− c
′÷
n(0)
ωn
.
Êàê è â ïðåäûäóùåì ïóíêòå íåîáõîäèìî ðàçëè÷àòü ñëó÷àé ñîâïà-
äåíèÿ ÷àñòîòû âíåøíåé ñèëû ñ ÷àñòîòîé îñíîâíîãî òîíà èëè êàêîãî-
ëèáî îáåðòîíà.
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2.6 Âûíóæäåííûå êîëåáàíèÿ ñòðóíû êîíå÷íîé äëèíû.
Îäíîðîäíûå ãðàíè÷íûå óñëîâèÿ (2).
Â ýòîì ñëó÷àå ñâîáîäíûå êîëåáàíèÿ îïèñûâàþòñÿ ñëåäóþùèìè
ñîáñòâåííûìè óíêöèÿìè sin
[
pix
l (n+
1
2 )
]
. Ïðåäñòàâèì âûíóæäàþ-
ùóþ ñèëó â âèäå ðÿäà ïî ýòèì ñîáñòâåííûì óíêöèÿì
G(x, t) =
∞∑
n=1
γn(t) sin
[
pix
l
(n+
1
2
)
]
,
ãäå
γn(t) =
2
l
∫ l
0
G(x, t) sin
[
pix
l
(n+
1
2
)
]
dx, (31)
è ïðåäñòàâèì íàøå ðåøåíèå â âèäå ñëåäóþùåãî ðÿäà:
u(x, t) =
∞∑
n=1
cn(t) sin
[
pix
l
(n+
1
2
)
]
(32)
ñ íåèçâåñòíûìè óíêöèÿìè cn(t). Ýòè óíêöèè óäîâëåòâîðÿþò äè-
åðåíöèàëüíûì óðàâíåíèÿì âòîðîãî ïîðÿäêà (ωn+ 1
2
= vpil [n+
1
2 ])
c′′n(t) + ω
2
n+ 1
2
cn(t) = γn(t). (33)
×òîáû ðåøèòü ýòî óðàâíåíèå íåîáõîäèìî çàäàòü íà÷àëüíûå óñëîâèÿ,
ò.å. íåîáõîäèìî çàäàòü cn(0) è c
′
n(0). Äëÿ ýòîãî ðàññìîòðèì íà÷àëü-
íûå óñëîâèÿ
u(x, 0) =
∞∑
n=1
cn(0) sin
[
pix
l
(n+
1
2
)
]
= f(x),
u′t(x, 0) =
∞∑
n=1
c′n(0) sin
[
pix
l
(n+
1
2
)
]
= F (x).
Îòñþäà ïîëó÷àåì âåëè÷èíó íà÷àëüíûõ äàííûõ
cn(0) =
2
l
∫ l
0
f(x) sin
[
pix
l
(n+
1
2
)
]
dx, (34a)
c′n(0) =
2
l
∫ l
0
F (x) sin
[
pix
l
(n+
1
2
)
]
dx. (34b)
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Òàêèì îáðàçîì, ïðîöåäóðà ðåøåíèÿ çàäà÷è â ýòîì ñëó÷àå ñëåäó-
þùàÿ. Âû÷èñëÿåì âíà÷àëå êîýèöèåíòû ðàçëîæåíèÿ (31) âíåøíåé
ñèëû â ðÿä ïî ñèíóñàì. Çàòåì íàõîäèì íà÷àëüíûå äàííûå ïî îð-
ìóëàì (34) è ðåøàåì óðàâíåíèÿ (33) ñ ýòèìè íà÷àëüíûìè äàííûìè.
Ïîäñòàâëÿåì çàòåì ïîëó÷åííûå ðåøåíèÿ â (32). Ýòî è åñòü èñêîìûé
çàêîí êîëåáàíèÿ ñòðóíû.
Èç îáùåé òåîðèè îáûêíîâåííûõ íåîäíîðîäíûõ äèåðåíöèàëü-
íûõ óðàâíåíèé âòîðîãî ïîðÿäêà ñ ïîñòîÿííûìè êîýèöèåíòàìè
ñëåäóåò, ÷òî îáùåå ðåøåíèå íåîäíîðîäíîãî óðàâíåíèÿ (33) ïðåäñòàâ-
ëÿåò ñîáîé ñóììó îáùåãî ðåøåíèÿ îäíîðîäíîãî óðàâíåíèÿ è ëþáîãî
÷àñòíîãî ðåøåíèÿ íåîäíîðîäíîãî óðàâíåíèÿ, êîòîðîå ìû îáîçíà÷èì
÷åðåç c÷n(t). Òàêèì îáðàçîì, îáùåå ðåøåíèå óðàâíåíèÿ (33) èìååò âèä
cn(t) = An cos
[
pix
l
(n+
1
2
)
]
+Bn sin
[
pix
l
(n+
1
2
)
]
+ c÷n(t).
Èñïîëüçóÿ íà÷àëüíûå äàííûå, ëåãêî ïîëó÷àåì
An = cn(0)− c
÷
n(0),
Bn =
c′n(0)− c
′÷
n(0)
ωn+ 1
2
.
Êàê è â ïðåäûäóùåì ïóíêòå íåîáõîäèìî ðàçëè÷àòü ñëó÷àé ñîâïà-
äåíèÿ ÷àñòîòû âíåøíåé ñèëû ñ ÷àñòîòîé îñíîâíîãî òîíà èëè êàêîãî-
ëèáî îáåðòîíà.
2.7 Âûíóæäåííûå êîëåáàíèÿ ñòðóíû êîíå÷íîé äëèíû.
Îäíîðîäíûå ãðàíè÷íûå óñëîâèÿ (2d).
Â ýòîì ñëó÷àå ñâîáîäíûå êîëåáàíèÿ îïèñûâàþòñÿ ñëåäóþùèìè
ñîáñòâåííûìè óíêöèÿìè: cos
[
pix
l (n+
1
2 )
]
. Ïðåäñòàâèì âûíóæäàþ-
ùóþ ñèëó â âèäå ðÿäà ïî ýòèì ñîáñòâåííûì óíêöèÿì
G(x, t) =
∞∑
n=1
γn(t) cos
[
pix
l
(n+
1
2
)
]
,
ãäå
γn(t) =
2
l
∫ l
0
G(x, t) cos
[
pix
l
(n+
1
2
)
]
dx, (35)
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è ïðåäñòàâèì íàøå ðåøåíèå â âèäå ñëåäóþùåãî ðÿäà:
u(x, t) =
∞∑
n=1
cn(t) cos
[
pix
l
(n+
1
2
)
]
(36)
ñ íåèçâåñòíûìè óíêöèÿìè cn(t). Ýòè óíêöèè óäîâëåòâîðÿþò äè-
åðåíöèàëüíûì óðàâíåíèÿì âòîðîãî ïîðÿäêà
c′′n(t) + ω
2
n+ 1
2
cn(t) = γn(t). (37)
×òîáû ðåøèòü ýòî óðàâíåíèå íåîáõîäèìî çàäàòü íà÷àëüíûå óñëîâèÿ,
ò.å. íåîáõîäèìî çàäàòü cn(0) è c
′
n(0). Äëÿ ýòîãî ðàññìîòðèì íà÷àëü-
íûå óñëîâèÿ
u(x, 0) =
∞∑
n=1
cn(0) cos
[
pix
l
(n+
1
2
)
]
= f(x),
u′t(x, 0) =
∞∑
n=1
c′n(0) cos
[
pix
l
(n+
1
2
)
]
= F (x).
Îòñþäà ïîëó÷àåì âåëè÷èíó íà÷àëüíûõ äàííûõ
cn(0) =
2
l
∫ l
0
f(x) cos
[
pix
l
(n+
1
2
)
]
dx, (38a)
c′n(0) =
2
l
∫ l
0
F (x) cos
[
pix
l
(n+
1
2
)
]
dx. (38b)
Òàêèì îáðàçîì, ïðîöåäóðà ðåøåíèÿ çàäà÷è â ýòîì ñëó÷àå ñëåäó-
þùàÿ. Âû÷èñëÿåì âíà÷àëå êîýèöèåíòû (35) ðàçëîæåíèÿ âíåøíåé
ñèëû â ðÿä ïî ñèíóñàì. Çàòåì íàõîäèì íà÷àëüíûå äàííûå ïî îð-
ìóëàì (38), è ðåøàåì óðàâíåíèÿ (37) ñ ýòèìè íà÷àëüíûìè äàííûìè.
Ïîäñòàâëÿåì çàòåì ïîëó÷åííûå ðåøåíèÿ â (36). Ýòî è åñòü èñêîìûé
çàêîí êîëåáàíèÿ ñòðóíû.
Èç îáùåé òåîðèè îáûêíîâåííûõ íåîäíîðîäíûõ äèåðåíöèàëü-
íûõ óðàâíåíèé âòîðîãî ïîðÿäêà ñ ïîñòîÿííûìè êîýèöèåíòàìè
ñëåäóåò, ÷òî îáùåå ðåøåíèå íåîäíîðîäíîãî óðàâíåíèÿ (37) ïðåäñòàâ-
ëÿåò ñîáîé ñóììó îáùåãî ðåøåíèÿ îäíîðîäíîãî óðàâíåíèÿ è ëþáîãî
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÷àñòíîãî ðåøåíèÿ íåîäíîðîäíîãî óðàâíåíèÿ, êîòîðîå ìû îáîçíà÷èì
÷åðåç c÷n(t). Òàêèì îáðàçîì, îáùåå ðåøåíèå óðàâíåíèÿ (37) èìååò âèä
cn(t) = An cos
[
pix
l
(n+
1
2
)
]
+Bn sin
[
pix
l
(n+
1
2
)
]
+ c÷n(t).
Èñïîëüçóÿ íà÷àëüíûå äàííûå, ëåãêî ïîëó÷àåì
An = cn(0)− c
÷
n(0),
Bn =
c′n(0)− c
′÷
n(0)
ωn+ 1
2
.
Êàê è â ïðåäûäóùåì ïóíêòå íåîáõîäèìî ðàçëè÷àòü ñëó÷àé ñîâïà-
äåíèÿ ÷àñòîòû âíåøíåé ñèëû ñ ÷àñòîòîé îñíîâíîãî òîíà èëè êàêîãî-
ëèáî îáåðòîíà.
2.8 Âûíóæäåííûå êîëåáàíèÿ ñòðóíû êîíå÷íîé äëèíû.
Íåîäíîðîäíûå ãðàíè÷íûå óñëîâèÿ (3a).
Â ýòîì ñëó÷àå ñ ïîìîùüþ çàìåíû óíêöèè çàäà÷ó ìîæíî ñâåñòè
ê ðåøåííîé â ïðåäûäóùåì ðàçäåëå. Äåéñòâèòåëüíî, ñäåëàåì çàìåíó
èñêîìîé óíêöèè
u(x, t) = w(x, t) + U(x, t) (39)
è ïîäáåðåì óíêöèþ U(x, t) òàê, ÷òîáû íîâàÿ óíêöèÿ w(x, t) óäî-
âëåòâîðÿëà áû îäíîðîäíûì ãðàíè÷íûì óñëîâèÿì (2a). Ëåãêî âèäåòü,
÷òî óíêöèÿ
U(x, t) = φ(t) + [ψ(t)− φ(t)]
x
l
óäîâëåòâîðÿåò òðåáóåìûì óñëîâèÿì. Äåéñòâèòåëüíî
w(0, t) = u(0, t)− U(0, t) = φ(t) − φ(t) = 0,
w(l, t) = u(l, t)− U(l, t) = ψ(t)− ψ(t) = 0,
ò.å. óíêöèÿ w(x, t) óäîâëåòâîðÿåò îäíîðîäíûì ãðàíè÷íûì óñëîâè-
ÿì. àññìîòðèì äàëåå, êàêèì íà÷àëüíûì óñëîâèÿì óäîâëåòâîðÿåò
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óíêöèÿ w(x, t). Ïîëó÷àåì
w(x, 0) = u(x, 0)− U(x, 0) = f(x)− φ(0)− [ψ(0)− φ(0)]
x
l
,
w′t(x, 0) = u
′
t(x, 0)− U
′
t(x, 0) = F (x) − φ
′(0)− [ψ′(0)− φ′(0)]
x
l
.
Íîâàÿ óíêöèÿ w(x, t) óäîâëåòâîðÿåò óðàâíåíèþ êîëåáàíèÿ ñòðó-
íû, íî ñ èçìåíåííîé âûíóæäàþùåé ñèëîé
∂2w
∂t2
− v2
∂2w
∂x2
= G − U ′′tt(x, t).
Îáîçíà÷èì
fa(x) = f(x)− φ(0)− [ψ(0)− φ(0)]
x
l
,
Fa(x) = F (x)− φ
′(0)− [ψ′(0)− φ′(0)]
x
l
,
Ga(x, t) = G(x, t) − φ
′′(t)− [ψ′′(t)− φ′′(t)]
x
l
.
Òàêèì îáðàçîì, óíêöèÿ w(x, t) óäîâëåòâîðÿåò óðàâíåíèþ êîëåáà-
íèÿ ñòðóíû ñ ïëîòíîñòüþ âûíóæäàþùåé ñèëû Ga
∂2w
∂t2
− v2
∂2w
∂x2
= Ga.
åøåíèå óäîâëåòâîðÿåò ñëåäóþùèì íà÷àëüíûì óñëîâèÿì:
w(x, 0) = fa(x),
w′t(x, 0) = Fa(x),
è îäíîðîäíûì ãðàíè÷íûì óñëîâèÿì
w(0, t) = 0, w(l, t) = 0. (40)
Ïîýòîìó äîñòàòî÷íî ðåøèòü çàäà÷ó ñ îäíîðîäíûìè ãðàíè÷íûìè óñ-
ëîâèÿìè (40), ïîëó÷èòü âûðàæåíèå äëÿ w(x, t), à çàòåì ïî îðìóëå
(39) âû÷èñëèòü èñêîìóþ óíêöèþ u(x, t).
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2.9 Âûíóæäåííûå êîëåáàíèÿ ñòðóíû êîíå÷íîé äëèíû.
Íåîäíîðîäíûå ãðàíè÷íûå óñëîâèÿ (3b).
Ñäåëàåì çàìåíó èñêîìîé óíêöèè
u(x, t) = w(x, t) + U(x, t)
è ïîäáåðåì óíêöèþ U(x, t) òàê, ÷òîáû íîâàÿ óíêöèÿ w(x, t) óäî-
âëåòâîðÿëà áû îäíîðîäíûì ãðàíè÷íûì óñëîâèÿì (2b). Ëåãêî âèäåòü,
÷òî óíêöèÿ
U(x, t) = α(t)x + [β(t) − α(t)]
x2
2l
óäîâëåòâîðÿåò òðåáóåìûì óñëîâèÿì. Äåéñòâèòåëüíî
w′x(0, t) = u
′
x(0, t)− U
′
x(0, t) = α(t) − α(t) = 0,
w′x(l, t) = u
′
x(l, t)− U
′
x(l, t) = β(t)− β(t) = 0,
ò.å. óíêöèÿ w(x, t) óäîâëåòâîðÿåò îäíîðîäíûì ãðàíè÷íûì óñëîâèÿì
(2b).
Îáîçíà÷èì
fb(x) = f(x)− α(0)x − [β(0)− α(0)]
x2
2l
,
Fb(x) = F (x) − α
′(0)x− [β′(0)− α′(0)]
x2
2l
,
Gb(x, t) = G(x, t) − α
′′(t)x− [β′′(t)− α′′(t)]
x2
2l
.
Òàêèì îáðàçîì, óíêöèÿ w(x, t) óäîâëåòâîðÿåò óðàâíåíèþ êîëå-
áàíèÿ ñòðóíû ñ ïëîòíîñòüþ âûíóæäàþùåé ñèëû Gb
∂2w
∂t2
− v2
∂2w
∂x2
= Gb.
åøåíèå óäîâëåòâîðÿåò ñëåäóþùèì íà÷àëüíûì óñëîâèÿì:
w(x, 0) = fb(x),
w′t(x, 0) = Fb(x),
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è îäíîðîäíûì ãðàíè÷íûì óñëîâèÿì
w′x(0, t) = 0, w
′
x(l, t) = 0. (41)
Ïîýòîìó äîñòàòî÷íî ðåøèòü çàäà÷ó ñ îäíîðîäíûìè ãðàíè÷íûìè óñ-
ëîâèÿìè (41), ïîëó÷èòü âûðàæåíèå äëÿ w(x, t), à çàòåì ïî îðìóëå
(39) âû÷èñëèòü èñêîìóþ óíêöèþ u(x, t).
2.10 Âûíóæäåííûå êîëåáàíèÿ ñòðóíû êîíå÷íîé äëèíû.
Íåîäíîðîäíûå ãðàíè÷íûå óñëîâèÿ (3).
Ñäåëàåì çàìåíó èñêîìîé óíêöèè
u(x, t) = w(x, t) + U(x, t)
è ïîäáåðåì óíêöèþ U(x, t) òàê, ÷òîáû íîâàÿ óíêöèÿ w(x, t) óäî-
âëåòâîðÿëà áû îäíîðîäíûì ãðàíè÷íûì óñëîâèÿì (2). Ëåãêî âèäåòü,
÷òî óíêöèÿ
U(x, t) = φ(t) + β(t)
x2
2l
óäîâëåòâîðÿåò òðåáóåìûì óñëîâèÿì. Äåéñòâèòåëüíî
w(0, t) = u(0, t)− U(0, t) = φ(t) − φ(t) = 0,
w′x(l, t) = u
′
x(l, t)− U
′
x(l, t) = β(t)− β(t) = 0,
ò.å. óíêöèÿ w(x, t) óäîâëåòâîðÿåò îäíîðîäíûì ãðàíè÷íûì óñëîâèÿì
(2).
Îáîçíà÷èì
fc(x) = f(x)− φ(0)− β(0)
x2
2l
,
Fc(x) = F (x) − φ
′(0)− β′(0)
x2
2l
,
Gc(x, t) = G(x, t) − φ
′′(t)− β′′(t)
x2
2l
.
Òàêèì îáðàçîì, óíêöèÿ w(x, t) óäîâëåòâîðÿåò óðàâíåíèþ êîëå-
áàíèÿ ñòðóíû ñ ïëîòíîñòüþ âûíóæäàþùåé ñèëû Gc
∂2w
∂t2
− v2
∂2w
∂x2
= Gc.
 31 
åøåíèå óäîâëåòâîðÿåò ñëåäóþùèì íà÷àëüíûì óñëîâèÿì:
w(x, 0) = fc(x),
w′t(x, 0) = Fc(x),
è îäíîðîäíûì ãðàíè÷íûì óñëîâèÿì
w(0, t) = 0, w′x(l, t) = 0. (42)
Ïîýòîìó äîñòàòî÷íî ðåøèòü çàäà÷ó ñ îäíîðîäíûìè ãðàíè÷íûìè óñ-
ëîâèÿìè (42), ïîëó÷èòü âûðàæåíèå äëÿ w(x, t), à çàòåì ïî îðìóëå
(39) âû÷èñëèòü èñêîìóþ óíêöèþ u(x, t).
2.11 Âûíóæäåííûå êîëåáàíèÿ ñòðóíû êîíå÷íîé äëèíû.
Íåîäíîðîäíûå ãðàíè÷íûå óñëîâèÿ (3d).
Ñäåëàåì çàìåíó èñêîìîé óíêöèè
u(x, t) = w(x, t) + U(x, t)
è ïîäáåðåì óíêöèþ U(x, t) òàê, ÷òîáû íîâàÿ óíêöèÿ w(x, t) óäî-
âëåòâîðÿëà áû îäíîðîäíûì ãðàíè÷íûì óñëîâèÿì (2d). Ëåãêî âèäåòü,
÷òî óíêöèÿ
U(x, t) = ψ(t)− α(t)
(x − l)2
2l
óäîâëåòâîðÿåò òðåáóåìûì óñëîâèÿì. Äåéñòâèòåëüíî
w′x(0, t) = u
′
x(0, t)− U
′
x(0, t) = α(t) − α(t) = 0,
w(l, t) = u(l, t)− U(l, t) = ψ(t) − ψ(t) = 0,
ò.å. óíêöèÿ w(x, t) óäîâëåòâîðÿåò îäíîðîäíûì ãðàíè÷íûì óñëîâèÿì
(2d).
Îáîçíà÷èì
fd(x) = f(x)− ψ(0) + α(0)
(x − l)2
2l
,
Fd(x) = F (x) − ψ
′(0) + α′(0)
(x − l)2
2l
,
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Gd(x, t) = G(x, t) − ψ
′′(t) + α′′(t)
x2
2l
.
Òàêèì îáðàçîì, óíêöèÿ w(x, t) óäîâëåòâîðÿåò óðàâíåíèþ êîëå-
áàíèÿ ñòðóíû ñ ïëîòíîñòüþ âûíóæäàþùåé ñèëû Gd
∂2w
∂t2
− v2
∂2w
∂x2
= Gd.
åøåíèå óäîâëåòâîðÿåò ñëåäóþùèì íà÷àëüíûì óñëîâèÿì:
w(x, 0) = fd(x),
w′t(x, 0) = Fd(x),
è îäíîðîäíûì ãðàíè÷íûì óñëîâèÿì
w′x(0, t) = 0, w(l, t) = 0. (43)
Ïîýòîìó äîñòàòî÷íî ðåøèòü çàäà÷ó ñ îäíîðîäíûìè ãðàíè÷íûìè óñ-
ëîâèÿìè (43), ïîëó÷èòü âûðàæåíèå äëÿ w(x, t), à çàòåì ïî îðìóëå
(39) âû÷èñëèòü èñêîìóþ óíêöèþ u(x, t).
3 ÒÅÊÑÒÛ ÈÍÄÈÂÈÄÓÀËÜÍÛÕ ÇÀÄÀÍÈÉ
1. Íàéòè çàêîí êîëåáàíèÿ ñòðóíû äëèíû l, ðàñïîëîæåííîé íà îò-
ðåçêå [0, l], åñëè â íà÷àëüíûé ìîìåíò ñòðóíå ïðèäàíà îðìà êðè-
âîé f(x) = U(x, 0), à çàòåì ñòðóíà îòïóùåíà ñ íà÷àëüíîé ñêîðîñòüþ
F (x) = U ′t(x, 0). Ñòðóíà çàêðåïëåíà íà êîíöàõ, âíåøíèå ñèëû îò-
ñóòñòâóþò. Âûïèñàòü ÷àñòîòó è àìïëèòóäó îñíîâíîãî òîíà è ïåðâûõ
òðåõ îáåðòîíîâ.
2. Íàéòè çàêîí êîëåáàíèÿ ñòðóíû äëèíû l, ðàñïîëîæåííîé íà îò-
ðåçêå [0, l], åñëè â íà÷àëüíûé ìîìåíò ñòðóíå ïðèäàíà îðìà êðè-
âîé f(x) = U(x, 0), à çàòåì ñòðóíà îòïóùåíà ñ íà÷àëüíîé ñêîðîñòüþ
F (x) = U ′t(x, 0). Óãîë íàêëîíà êîíöîâ ñòðóíû ðàâåí íóëþ U
′
x(0, t) =
U ′x(l, t) = 0, âíåøíèå ñèëû îòñóòñòâóþò. Âûïèñàòü ÷àñòîòó è àìïëè-
òóäó îñíîâíîãî òîíà è ïåðâûõ òðåõ îáåðòîíîâ.
3. Íàéòè çàêîí êîëåáàíèÿ ñòðóíû äëèíû l, ðàñïîëîæåííîé íà îò-
ðåçêå [0, l], åñëè â íà÷àëüíûé ìîìåíò ñòðóíå ïðèäàíà îðìà êðè-
âîé f(x) = U(x, 0), à çàòåì ñòðóíà îòïóùåíà ñ íà÷àëüíîé ñêîðîñòüþ
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F (x) = U ′t(x, 0). Ñòðóíà çàêðåïëåíà íà êîíöàõ, è íà íåå ïîñòîÿí-
íî äåéñòâóåò âíåøíÿÿ ñèëà, ñ ïëîòíîñòüþ íà åäèíèöó ìàññû G(x, t).
Âûïèñàòü ÷àñòîòó è àìïëèòóäó îñíîâíîãî òîíà è ïåðâûõ òðåõ îáåð-
òîíîâ.
4. Íàéòè çàêîí êîëåáàíèÿ ñòðóíû äëèíû l, ðàñïîëîæåííîé íà îò-
ðåçêå [0, l], åñëè â íà÷àëüíûé ìîìåíò ñòðóíå ïðèäàíà îðìà êðè-
âîé f(x) = U(x, 0), à çàòåì ñòðóíà îòïóùåíà ñ íà÷àëüíîé ñêîðîñòüþ
F (x) = U ′t(x, 0). Ñòðóíà çàêðåïëåíà íà êîíöàõ, è íà íåå ðåçîíàíñ-
íî äåéñòâóåò âíåøíÿÿ ñèëà, ñ ïëîòíîñòüþ íà åäèíèöó ìàññû G(x, t).
Âûïèñàòü ÷àñòîòó è àìïëèòóäó îñíîâíîãî òîíà è ïåðâûõ òðåõ îáåð-
òîíîâ.
5. Íàéòè çàêîí êîëåáàíèÿ ñòðóíû äëèíû l, ðàñïîëîæåííîé íà îò-
ðåçêå [0, l], åñëè â íà÷àëüíûé ìîìåíò ñòðóíå ïðèäàíà îðìà êðè-
âîé f(x) = U(x, 0), à çàòåì ñòðóíà îòïóùåíà ñ íà÷àëüíîé ñêîðî-
ñòüþ F (x) = U ′t(x, 0). Êîíöû ñòðóíû äâèæóòñÿ ïî çàêîíàì U(0, t) =
φ(t), U(l, t) = ψ(t), âíåøíèå ñèëû îòñóòñòâóþò. Âûïèñàòü ÷àñòîòó è
àìïëèòóäó îñíîâíîãî òîíà è ïåðâûõ òðåõ îáåðòîíîâ.
ÂÀÈÀÍÒ 1
1. F (x) = 0 , f(x) =
{
x(l/4−x)
h , 0 ≤ x ≤ l/4
0 , l/4 ≤ x ≤ l
.
2. f(x) = 0 , F (x) =
{
3x2
l , 0 ≤ x ≤ l/2
3(x−l)2
l , l/2 ≤ x ≤ l
.
3. G = g xl , F (x) = 0 , f(x) =
{
0 , 0 ≤ x ≤ l/4
(x−l)(l/4−x)
h , l/4 ≤ x ≤ l
.
4. G = g
(
e
x
2l − 3x
2
4l2
)
cos pivtl , f(x) = 0, F (x) =
{
3x2
l , 0 ≤ x ≤ l/4
(x−l)2
3l , l/4 ≤ x ≤ l
5.
φ = g
(
e−
pivt
l − 1
)
ψ = 0
, F (x) = 0, f(x) =


0, 0 ≤ x ≤ l/4
(x− l
4
)( 3l
4
−x)
h , l/4 ≤ x ≤ 3l/4
0, 3l/4 ≤ x ≤ l
ÂÀÈÀÍÒ 2
1. f(x) = 0 , F (x) = (x − l) sin 2pixl .
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2. F (x) = 0 , f(x) =
{
4l(1− cos pixl ) , 0 ≤ x ≤ l/2
16(x−l)2
l , l/2 ≤ x ≤ l
.
3. G = g x
2
l2 , f(x) = 0 , F (x) =
x2
h sin
pix
l .
4. G = g xl cos
pivt
l , F (x) = 0 , f(x) =
{
4l(1− cos pixl ), 0 ≤ x ≤ 3l/4
64(x−l)2
l (1 +
√
2
2 ),3l/4 ≤ x ≤ l
5.
ψ = g vtl e
−2pivt/l
φ = 0
, f(x) = 0 , F (x) = |x− l2 | sin
2pix
l .
ÂÀÈÀÍÒ 3
1. F (x) = 0 , f(x) =
{
0 , 0 ≤ x ≤ l/4
(x−l)(l/4−x)
h , l/4 ≤ x ≤ l
.
2. f(x) = 0 , F (x) =
{
− 3x
2
l , 0 ≤ x ≤ l/3
− 3(x−l)
2
4l , l/3 ≤ x ≤ l
.
3. G = gex/l , F (x) = 0 , f(x) =
{
0 , 0 ≤ x ≤ l/2
(x−l)(l/2−x)
h , l/2 ≤ x ≤ l
.
4. G = g
(
x
l −
6x2
l2
)
sin 3pivtl , f(x) = 0, F (x) =
{
− 3x
2
l , 0 ≤ x ≤ l/5
− 3(x−l)
2
16l , l/5 ≤ x ≤ l
5.
φ = g v
2t2
l2 e
−3pivt/l
ψ = 0
, F (x) = 0, f(x) =
{
x(3l/4−x)
h , 0 ≤ x ≤ 3l/4
0, 3l/4 ≤ x ≤ l
.
ÂÀÈÀÍÒ 4
1. f(x) = 0 , F (x) = x
2
h sin
pix
l .
2. F (x) = 0 , f(x) =
{
4l(1− cos pixl ) , 0 ≤ x ≤ 3l/4
64(x−l)2
l (1 +
√
2
2 ) , 3l/4 ≤ x ≤ l
.
3. G = ge2x/l , f(x) = 0 , F (x) = (x−l)
2
h sin
pix
2l .
4. G = g 4xl cos
2pivt
l , F (x) = 0, f(x) =
{
− l3 (1− cos
pix
l ), 0 ≤ x ≤ l/2
− 43l (x− l)
2, l/2 ≤ x ≤ l
5.
ψ = g
(
epivt/l − 1
)
φ = 0
, f(x) = 0 , F (x) = (x−l)
2
h sin
pix
4l .
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ÂÀÈÀÍÒ 5
1. F (x) = 0 , f(x) =
{
0 , 0 ≤ x ≤ l/2
(x−l)(l/2−x)
h , l/2 ≤ x ≤ l
.
2. f(x) = 0 , F (x) =
{
3x2
l , 0 ≤ x ≤ l/4
(x−l)2
3l , l/4 ≤ x ≤ l
.
3. G = g
(
2x
l + 4
)
, F (x) = 0, f(x) =


0, 0 ≤ x ≤ l/4
(x−l/4)(3l/4−x)
h , l/4 ≤ x ≤ 3l/4
0, 3l/4 ≤ x ≤ l
4. G = g
(
3x
l − e
− x
l
)
sin 2pivtl , f(x) = 0, F (x) =
{
3
l x
2, 0 ≤ x ≤ l/6
3
25l (x − 2)
2,l/6 ≤ x ≤ l
5.
φ = g vtl e
−pivt
l
ψ = 0
, F (x) = 0, f(x) =
{
0, 0 ≤ x ≤ 3l/4
(x−l)(3l/4−x)
h , 3l/4 ≤ x ≤ l
ÂÀÈÀÍÒ 6
1. f(x) = 0 , F (x) = (x−l)
2
h sin
pix
2l .
2. F (x) = 0 , f(x) =
{
4l(1− cos pixl ) , 0 ≤ x ≤ l/3
9(x−l)2
2l , l/3 ≤ x ≤ l
.
3. G = g 4xl , f(x) = 0 , F (x) = |x−
l
2 | sin
2pix
l .
4. G = g x3l cos
3pivt
l , F (x) = 0, f(x) =
{
− l3 (1 − cos
pix
l ), 0 ≤ x ≤ l/2
− 43l (x− l)
2, l/2 ≤ x ≤ l
5.
ψ = g v
2t2
l2 e
2pivt/l
φ = 0
, f(x) = 0 , F (x) = x(x−l)h cos
pix
4l .
ÂÀÈÀÍÒ 7
1. F (x) = 0 , f(x) =


0 , 0 ≤ x ≤ l/4
(x−l/4)(3l/4−x)
h , l/4 ≤ x ≤ 3l/4
0 , 3l/4 ≤ x ≤ l
.
2. f(x) = 0 , F (x) =
{
− 3x
2
l , 0 ≤ x ≤ l/5
− 3(x−l)
2
16l , l/5 ≤ x ≤ l
.
3. G = g 2x
2
l2 , F (x) = 0 , f(x) =
{
x(3l/4−x)
h , 0 ≤ x ≤ 3l/4
0 , 3l/4 ≤ x ≤ l
.
 36 
4. G = g
(
1− e−
2x
l
)
sin pivtl , f(x) = 0, F (x) =
{
3
l x
2, 0 ≤ x ≤ l/7
1
12l (x− l)
2,l/7 ≤ x ≤ l
5.
φ = g
(
e
3pivt
l − 1
)
ψ = 0
, F (x) = 0, f(x) =


0, 0 ≤ x ≤ l/4
(x−l/4)(l/2−x)
h ,l/4 ≤ x ≤ l/2
0, l/2 ≤ x ≤ l
ÂÀÈÀÍÒ 8
1. f(x) = 0 , F (x) = |x− l2 | sin
2pix
l .
2. F (x) = 0 , f(x) =
{
− l3 (1− cos
pix
l ) , 0 ≤ x ≤ l/2
− 43l (x− l)
2 , l/2 ≤ x ≤ l
.
3. G = g
(
ex/l + 1
)
, f(x) = 0 , F (x) = (x−l)
2
h sin
pix
4l .
4. G = g x
2
l2 sin
pivt
l , F (x) = 0, f(x) =
{
− l5 (1− cos
pix
l ), 0 ≤ x ≤ l/3
− 940l (x− l)
2 l/3 ≤ x ≤ l
5.
ψ = g
(
e−pivt/l − epivt/l
)
φ = 0
, f(x) = 0 , F (x) = x(x−l)h cos
2pix
l .
ÂÀÈÀÍÒ 9
1. F (x) = 0 , f(x) =
{
x(3l/4−x)
h , 0 ≤ x ≤ 3l/4
0 , 3l/4 ≤ x ≤ l
.
2. f(x) = 0 , F (x) =
{
3
l x
2 , 0 ≤ x ≤ l/6
3
25l (x− 2)
2 l/6 ≤ x ≤ l
.
3. G = ge−2x/l , F (x) = 0 , f(x) =
{
0 , 0 ≤ x ≤ 3l/4
(x−l)(3l/4−x)
h , 3l/4 ≤ x ≤ l
.
4. G = g
(
3x
l − e
− x
l
)
cos 3pivtl , f(x) = 0, F (x) =
{
3
l x
2, 0 ≤ x ≤ l/8
3
49l (x− l)
2,l/8 ≤ x ≤ l
5.
φ = g
(
e−
pivt
2l − e
pivt
2l
)
ψ = 0
, F (x) = 0, f(x) =


0, 0 ≤ x ≤ l/8
(x− l
8
)( l
2
−x)
h ,l/8 ≤ x ≤ l/2
0, l/2 ≤ x ≤ l
ÂÀÈÀÍÒ 10
1. f(x) = 0 , F (x) = (x−l)
2
h sin
pix
4l .
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2. F (x) = 0 , f(x) =
{
4l(1− cos pixl ) , 0 ≤ x ≤ l/4
64
9l (1 −
√
2
2 )(x − l)
2 l/4 ≤ x ≤ l
.
3. G = g
(
3x2
l2 −
x
l
)
, f(x) = 0 , F (x) = x(x−l)h cos
pix
4l .
4. G = g x
2
l2 sin
2pivt
l , F (x) = 0, f(x) =
{
4l(1− cos pixl ), 0 ≤ x ≤ l/5
25
4l (1− cos
pi
5 )(x − l)
2,l/5 ≤ x ≤ l
5.
ψ = g vtl e
pivt/2l
φ = 0
, f(x) = 0 , F (x) = x(x−l)h cos
pix
l .
ÂÀÈÀÍÒ 11
1. F (x) = 0 , f(x) =
{
0 , 0 ≤ x ≤ 3l/4
(x−l)(3l/4−x)
h , 3l/4 ≤ x ≤ l
.
2. f(x) = 0 , F (x) =
{
3
l x
2 , 0 ≤ x ≤ l/7
1
12l (x− l)
2 , l/7 ≤ x ≤ l
.
3. G = g x3l , F (x) = 0 , f(x) =


0 , 0 ≤ x ≤ l/4
(x−l/4)(l/2−x)
h , l/4 ≤ x ≤ l/2
0 , l/2 ≤ x ≤ l
.
4. G = g
(
x2
l2 + e
x
l
)
cos 2pivtl , f(x) = 0, F (x) =
{
3
l x
2, 0 ≤ x ≤ l/9
3
64l (x− l)
2,l/9 ≤ x ≤ l
5.
φ = g v
2t2
l2 e
−pivt
3l
ψ = 0
, F (x) = 0, f(x) =


0, 0 ≤ x ≤ l/8
(x− l
8
)( l
4
−x)
h , l/8 ≤ x ≤ l/4
0, l/4 ≤ x ≤ l
ÂÀÈÀÍÒ 12
1. f(x) = 0 , F (x) = x(x−l)h cos
pix
4l .
2. F (x) = 0 , f(x) =
{
− l5 (1− cos
pix
l ) , 0 ≤ x ≤ l/3
− 940l (x− l)
2 l/3 ≤ x ≤ l
.
3. G = g x
2
6l2 , f(x) = 0 , F (x) =
x(x−l)
h cos
2pix
l .
4. G = g x
2
6l2 sin
3pivt
l , F (x) = 0, f(x) =
{
−7l(1− cos pixl ), 0 ≤ x ≤ l/3
− 6318l (x− l)
2, l/3 ≤ x ≤ l
5.
ψ = g vtl e
pivt/3l
φ = 0
, f(x) = 0 , F (x) = |x− l2 | sin
pix
l .
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ÂÀÈÀÍÒ 13
1. F (x) = 0 , f(x) =


0 , 0 ≤ x ≤ l/4
(x−l/4)(l/2−x)
h , l/4 ≤ x ≤ l/2
0 , l/2 ≤ x ≤ l
.
2. f(x) = 0 , F (x) =
{
3
l x
2 , 0 ≤ x ≤ l/8
3
49l (x− l)
2 , l/8 ≤ x ≤ l
.
3. G = g
(
x
l + e
− x
l
)
, F (x) = 0, f(x) =


0, 0 ≤ x ≤ l/8
(x− l
8
)( l
2
−x)
h , l/8 ≤ x ≤ l/2
0, l/2 ≤ x ≤ l
4. G = g
(
x
l + 3
)2
cos pivtl , f(x) = 0, F (x) =
{
1
7lx
2, 0 ≤ x ≤ l/2
1
7l (x− l)
2, l/2 ≤ x ≤ l
5.
φ = g vtl
(
e−
pivt
l − e
pivt
l
)
ψ = 0
, F (x) = 0, f(x) =
{
x( l
8
−x)
h , 0 ≤ x ≤ l/8
0, l/8 ≤ x ≤ l
ÂÀÈÀÍÒ 14
1. f(x) = 0 , F (x) = x(x−l)h cos
2pix
l .
2. F (x) = 0 , f(x) =
{
4l(1− cos pixl ) , 0 ≤ x ≤ l/5
25
4l (1 − cos
pi
5 )(x − l)
2 , l/5 ≤ x ≤ l
.
3. G = gex/4l , f(x) = 0 , F (x) = x(x−l)h cos
pix
l .
4. G = g 3x2l sin
pivt
l , F (x) = 0, f(x) =
{
4l(1− cos pixl ), 0 ≤ x ≤ l/6
9
25l (1−
√
3
2 )(x− l)
2,l/6 ≤ x ≤ l
5.
ψ = g
(
e−2pivt/l − e2pivt/l
)
φ = 0
, f(x) = 0 , F (x) = (x− l) sin pix2l .
ÂÀÈÀÍÒ 15
1. F (x) = 0 , f(x) =


0 , 0 ≤ x ≤ l/8
(x−l/8)(l/2−x)
h , l/8 ≤ x ≤ l/2
0 , l/2 ≤ x ≤ l
.
2. f(x) = 0 , F (x) =
{
3
l x
2 , 0 ≤ x ≤ l/9
3
64l (x− l)
2 , l/9 ≤ x ≤ l
.
3. G = g
(
1− 4xl
)2
, F (x) = 0, f(x) =


0, 0 ≤ x ≤ l/8
(x− l
8
)( l
4
−x)
h , l/8 ≤ x ≤ l/4
0, l/4 ≤ x ≤ l
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4. G = g
(
x
l + e
− x
l
)
cos 3pivtl , f(x) = 0, F (x) =
{
1
7lx
2, 0 ≤ x ≤ l/3
1
28l (x− l)
2,l/3 ≤ x ≤ l
5.
φ = g vtl e
2pivt
l
ψ = 0
, F (x) = 0, f(x) =
{
0, 0 ≤ x ≤ l/8
(x−l)( l
8
−x)
h , l/8 ≤ x ≤ l
ÂÀÈÀÍÒ 16
1. f(x) = 0 , F (x) = x(x−l)h cos
pix
l .
2. F (x) = 0 , f(x) =
{
−7l(1− cos pixl ) , 0 ≤ x ≤ l/3
− 6318l (x− l)
2 , l/3 ≤ x ≤ l
.
3. G = g 3x2l , f(x) = 0 , F (x) = |x−
l
2 | sin
pix
l .
4. G = ge
x
l cos pivtl , F (x) = 0, f(x) =
{
− l6 (1 − cos
pix
l ), 0 ≤ x ≤ 2l/3
− 94l (x− l)
2, 2l/3 ≤ x ≤ l
5.
ψ = g
(
e−3pivt/l − e3pivt/l
)
φ = 0
, f(x) = 0 , F (x) = x sin 2pixl .
ÂÀÈÀÍÒ 17
1. F (x) = 0 , f(x) =


0 , 0 ≤ x ≤ l/8
(x−l/8)(l/4−x)
h , l/8 ≤ x ≤ l/4
0 , l/4 ≤ x ≤ l
.
2. f(x) = 0 , F (x) =
{
1
7lx
2 , 0 ≤ x ≤ l/2
1
7l (x− l)
2 , l/2 ≤ x ≤ l
.
3. G = g 3x
2
4l2 , F (x) = 0 , f(x) =
{
x(l/8−x)
h , 0 ≤ x ≤ l/8
0 , l/8 ≤ x ≤ l
.
4. G = g
(
e
x
l + 1
)
cos 2pivtl , f(x) = 0, F (x) =
{
1
7lx
2, 0 ≤ x ≤ l/4
1
63l (x − l)
2, l/4 ≤ x ≤ l
5.
φ = g vtl e
4pivt
l
ψ = 0
, F (x) = 0, f(x) =
{
x(x− 3l
8
)
h , 0 ≤ x ≤ 3l/8
0, 3l/8 ≤ x ≤ l
ÂÀÈÀÍÒ 18
1. f(x) = 0 , F (x) = |x− l2 | sin
pix
l .
2. F (x) = 0 , f(x) =
{
4l(1− cos pixl ) , 0 ≤ x ≤ l/6
9
25l (1−
√
3
2 )(x− l)
2 , l/6 ≤ x ≤ l
.
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3. G = g
(
2x2
l2 + e
x/l
)
, f(x) = 0 , F (x) = (x − l) sin pix2l .
4. G = ge
2x
l sin pivtl , F (x) = 0, f(x) =
{
4l(1− cos pixl ), 0 ≤ x ≤ l/7
49
9l (1− cos
pi
7 )(x− l)
2,l/7 ≤ x ≤ l
5.
ψ = g
(
e−pivt/2l − epivt/2l
)
φ = 0
, f(x) = 0 , F (x) = x(x−l)h cos
pix
2l .
ÂÀÈÀÍÒ 19
1. F (x) = 0 , f(x) =
{
x(l/8−x)
h , 0 ≤ x ≤ l/8
0 , l/8 ≤ x ≤ l
.
2. f(x) = 0 , F (x) =
{
1
7lx
2 , 0 ≤ x ≤ l/3
1
28l (x− l)
2 , l/3 ≤ x ≤ l
.
3. G = g
(
1− e−
2x
l
)
, F (x) = 0, f(x) =
{
0, 0 ≤ x ≤ l/8
(x−l)( l
8
−x)
h , l/8 ≤ x ≤ l
4. G = g
(
3x2
l2 −
x
l
)
cos 2pivtl , f(x) = 0, F (x) =
{
1
7lx
2, 0 ≤ x ≤ 2l/3
4
7l (x− l)
2,2l/3 ≤ x ≤ l
5.
φ = g vtl e
pivt
2l
ψ = 0
, F (x) = 0, f(x) =
{
0, 0 ≤ x ≤ 3l/8
(x−l)(x− 3l
8
)
h , 3l/8 ≤ x ≤ l
ÂÀÈÀÍÒ 20
1. f(x) = 0 , F (x) = (x − l) sin pix2l .
2. F (x) = 0 , f(x) =
{
− l6 (1− cos
pix
l ) , 0 ≤ x ≤ 2l/3
− 94l (x− l)
2 , 2l/3 ≤ x ≤ l
.
3. G = g
(
x
l −
6x2
l2
)
, f(x) = 0 , F (x) = x sin 2pixl .
4. G = g
(
1− xl
)2
cos 3pivtl , F (x) = 0,f(x) =
{
2l(1− cos pixl ), 0 ≤ x ≤ 2l/3
27
l (x− l)
2, 2l/3 ≤ x ≤ l
5.
ψ = g vtl e
−pivt/3l
φ = 0
, f(x) = 0 , F (x) = (x− l) sin 2pixl .
ÂÀÈÀÍÒ 21
1. F (x) = 0 , f(x) =
{
0 , 0 ≤ x ≤ l/8
(x−l)(l/8−x)
h , l/8 ≤ x ≤ l
.
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2. f(x) = 0 , F (x) =
{
1
7lx
2 , 0 ≤ x ≤ l/4
1
63l (x− l)
2 , l/4 ≤ x ≤ l
.
3. G = g
(
x
l − 1
)
, F (x) = 0 , f(x) =
{
x(x−3l/8)
h , 0 ≤ x ≤ 3l/8
0 , 3l/8 ≤ x ≤ l
.
4. G = g
(
x
l − 1
)
sin 2pivtl , f(x) = 0, F (x) =
{
4l(1− cos pixl ),0 ≤ x ≤ 2l/3
54
l (x− l)
2, 2l/3 ≤ x ≤ l
5.
φ = g
(
e−
pivt
4l − e
pivt
4l
)
ψ = 0
, F (x) = 0, f(x) =
{
0, 0 ≤ x ≤ l/4
(x−l)( l
4
−x)
h , l/4 ≤ x ≤ l
ÂÀÈÀÍÒ 22
1. f(x) = 0 , F (x) = x sin 2pixl .
2. F (x) = 0 , f(x) =
{
4l(1− cos pixl ) , 0 ≤ x ≤ l/7
49
9l (1 − cos
pi
7 )(x − l)
2 , l/7 ≤ x ≤ l
.
3. G = g
(
x
l + 3
)2
, f(x) = 0 , F (x) = x(x−l)h cos
pix
2l .
4. G = g 3x
2
4l2 sin
3pivt
l , F (x) = 0, f(x) =
{
4l(1− cos pixl ), 0 ≤ x ≤ l/2
16(x−l)2
l , l/2 ≤ x ≤ l
5.
ψ = g v
2t2
l2 e
pivt/4l
φ = 0
, f(x) = 0 , F (x) = x
2
h sin
pix
l .
ÂÀÈÀÍÒ 23
1. F (x) = 0 , f(x) =
{
x(x−3l/8)
h , 0 ≤ x ≤ 3l/8
0 , 3l/8 ≤ x ≤ l
.
2. f(x) = 0 , F (x) =
{
1
7lx
2 , 0 ≤ x ≤ 2l/3
4
7l (x− l)
2 , 2l/3 ≤ x ≤ l
.
3. G = g
(
3x
l − e
− x
l
)
, F (x) = 0, f(x) =
{
0, 0 ≤ x ≤ 3l/8
(x−l)(x− 3l
8
)
h , 3l/8 ≤ x ≤ l
4. G = g
(
2x
l + 4
)
cos pivtl , f(x) = 0, F (x) =
{
− 3x
2
l , 0 ≤ x ≤ l/3
− 3(x−l)
2
4l , l/3 ≤ x ≤ l
5.
φ = g vtl
(
e−
pivt
l − e
pivt
l
)
ψ = 0
, F (x) = 0, f(x) =
{
0, 0 ≤ x ≤ l/2
(x−l)( l
2
−x)
h ,l/2 ≤ x ≤ l
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ÂÀÈÀÍÒ 24
1. f(x) = 0 , F (x) = x(x−l)h cos
pix
2l .
2. F (x) = 0 , f(x) =
{
−2l(1− cos pixl ) , 0 ≤ x ≤ 2l/3
− 27l (x− l)
2 , 2l/3 ≤ x ≤ l
.
3. G = g
(
x
2l + e
2x/l
)
, f(x) = 0 , F (x) = (x− l) sin 2pixl .
4. G = ge−
2x
l sin 2pivtl , F (x) = 0, f(x) =
{
4l(1− cos pixl ), 0 ≤ x ≤ 3l/4
64(x−l)2
l (1 +
√
2
2 ),3l/4 ≤ x ≤ l
5.
ψ = g
(
epivt/l − e−pivt/2l
)
φ = 0
, f(x) = 0 , F (x) = (x−l)
2
h sin
pix
2l .
ÂÀÈÀÍÒ 25
1. F (x) = 0 , f(x) =
{
0 , 0 ≤ x ≤ 3l/8
(x−l)(x−3l/8)
h , 3l/8 ≤ x ≤ l
.
2. f(x) = 0 , F (x) =
{
4l(1− cos pixl ) , 0 ≤ x ≤ 2l/3
54
l (x − l)
2 , 2l/3 ≤ x ≤ l
.
3. G = g
(
e
x
2l − 3x
2
4l
)
, F (x) = 0, f(x) =
{
x( l
4
−x)
h , 0 ≤ x ≤ l/4
0, l/4 ≤ x ≤ l
4. G = ge
x
4l sin 3pivtl , f(x) = 0, F (x) =
{
3x2
l , 0 ≤ x ≤ l/4
(x−l)2
3l , l/4 ≤ x ≤ l
5.
φ = g
(
e−
4pivt
l − e
pivt
2l
)
ψ = 0
, F (x) = 0, f(x) =
{
x( l
4
−x)
h ,0 ≤ x ≤ l/4
0, l/4 ≤ x ≤ l
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